MODULI OF HIGH RANK VECTOR BUNDLES OVER SURFACES 



David Gieseker 
JuN Li 

Mathematics Department 
University of California, Los Angeles 



0. Introduction 

The purpose of this work is to apply the degeneration theory developed in [GL] to 
study the moduli space of stable vector bundles of arbitrary rank on any smooth alge- 
braic surface (over C). We will show that most of the recent progress in understanding 
moduli of rank two vector bundles can be carried over to high rank cases. 

After introducing the notion of stable vector bundles, the first author constructed 
the moduli schemes of vector bundles on surfaces. He showed that for any smooth 
algebraic surface X with ample divisor H and line bundle / on A, there is a coarse 
moduli scheme dJl^jf'{I,H) parameterizing (modulo equivalence relation) the set of all 
if-semistable rank r torsion free sheaves E on X with detE' = / and C2{E) = d. Since 
then, many mathematicians have studied the geometry of this moduli space, especially 
for rank two case. To cite a few, Maruyama, Taubes and the first author showed that 
the moduli space 9Jt^'^ (= dJl^jf{I, H)) is non-empty when d is large. Moduli spaces of 
vector bundles of some special surfaces have been studied also. 

The deep understanding of WVlf for arbitrary X and r = 2 begins with Donaldson's 
generic smoothness result. Roughly speaking, Donaldson [Do], (later generalized by 
Friedman [Fr] and K. Zhu [Zh]) showed that when d is large enough, then the singular 
locus Sing (571^"^) of StJl^"^ is a proper subset of SUt^'^ and its codimension in OJt^'^ in- 
creases linearly in d. This theorem indicates that the moduli 571^'^ behaves as expected 
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when the second Chern class d is large. Later, using general deformation theory, the 
second author proved that is normal, and has local complete intersection (l.c.i.) 

singularities at stable sheaves provided d is large [L2]. He also showed that when X 
is a surface of general type satisfying some mild technical conditions, then QJt^'' is of 
general type for d S> [L2] . In our paper [GL] , we also proved that SDt^ is irreducible 
if d is large. 

In this and subsequent papers, we shall show that the geometry of SDT^'' and the 
geometry of TV^ , r > 3, is rather similar. The main obstacle in doing so is the lack 
of an analogy of the generic smoothness result in high rank case. In this paper, we 
will use the degeneration of moduli developed in [GL] to establish the following main 
technical theorem: 

Theorem 0.1. Let X be a smooth algebraic surface, H an ample line bundle and I a 
line bundle on X. Let r > 2 be any integer. Then for any constant Ci and any divisor 
D Q X, there is an N such that whenever d> N , then we have 

dim{£; e mf^^ I Ext°(E,E(L'))° ^ {0}} < r]{r,dj) - Ci, 

where r]{r, d, I) = 2rd — {r — 1)1^ — (r^ — l)x{Ox) is the expected dimension of Tf^f 
(= TVjf{I,H)) and the superscript stands for the traceless part o/Ext*(-, •). 

According to [At] [Mu], Tf/ is regular at if is stable and Ext'^{E, E)^ = {0}. As 
to the subset of strictly semistable sheaves in 971^'^, it is easy to show that its dimension 
is much less than r]{r,d,I) — Ci when d is large. After applying theorem 0.1 to the 
divisor D = Kx and using the Serre duality, we conclude that for d sufficiently large, 

dim Sing (9Jt5['') < ri{r,d,I) - d. 

On the other hand, based on deformation theory, each component of has dimen- 
sion at least rj{r,d,I). Thus, we have proved the following theorem. 

Theorem 0.2. Let X be a smooth algebraic surface, H an ample line bundle and I a 

line bundle on X . Let r > 2 be any integer. Then for any constant Ci, there is an N 
such that whenever d> N , then 9Jl^'^ has pure dimension r]{r, d, /) and further, 

codim{Sing{TVjf),TVjf) > Ci. 

Once we have settled the generic smoothness result, we can generalize some other 
properties of DJft^'^ to high rank case. In this paper, we will prove 
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Theorem 0.3. With the notation as in theorem 0.2, then there is an N such that 

whenever d > N , then 

(1) fUt^f'^ is normal. Further, if s G OJtJ'' is a closed point corresponding to a stable 
sheaf, then 971 is a local complete intersection at s; 

(2) The set of locally free ^-stable sheaves {^^x^)'^ C TT^ dense in DJl^ and 

(3) For any polarizations Hi and H2 of X, the moduli d}Vjf{I,Hi) is birational to 
d}Vjf{I,H2). (In this case, N depends on both Hi and H2.) 

To illustrate the idea of the proof of our main theorem (theorem 0.1), let us first 
recall the degeneration of moduli constructed in [GL]. Let G C C Spec C[t] 

be a smooth curve that functions as a parameter space and let Z ^ C be a family 
of surfaces that is the result of blowing-up X x C along S x {0}, where S E \H\ is 
a smooth very ample divisor. Clearly, Zt = vr~^(i) is X and Zq = X U A, where A 
is a ruled surface over S. Over C* = C \ {0}, we have a constant family TT^'^ x C*. 
In [GL], we have constructed completions of QJl^'' x C* over C. These completions 
depend on the choice of ample divisors on Z. The ample divisor which we will use is 
a multiple of the Q-divisor p*xH{—{l — e)A) that depends on the rational e G (0, i). 
We denote this completion by 971'^'^. There is a nice description of closed points of the 
special fiber 9Jlg'^: Any point of 9JIq'^ corresponds uniquely to an equivalence class of 
semistable sheaves on Zq. 

Now let D C X be any divisor and J\f C 9Jt^'^ be the set of sheaves E such that 

iioin{E,E{D)f ^{0}. (0.1) 

Put fri'''^ C 971'*'^ be the closure of AfxC* in m'^'^. To show that for any constant Ci 
and large d we have 

dim J\f < r]{r, d, I) - Ci, 

it suffices to show 

dim m^'' < v{r, d, /) - Ci . (0.2) 

Now let E G DTq'*^ be any sheaf. Note that E is a limit of sheaves in M and that sheaves 
in J\f satisfy (0.1). So by semicontinuity theorem, for any invertible sheaf C on Z such 
that Cizt = Ox{D), we have 

Homz,(£;,£;®£zjV{0}. 

In particular, if we choose C to hep*xOxiF>){—kA), where :Z ^ X is the projection, 
we get 

Ext%^{E,E^p*xOxiD){-kA)f^{0}, VA; G Z, E G (0.3) 
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Since E is semistable, E^x E^^ as sheaves on X and A respectively will satisfy 
some weak stability conditions. (For simplicity, here we assume E is locally free.) On 
the other hand, for large k, the non-vanishing of 

Ext°,(£;|x,^|x(^-A:E))0 (0.4) 

will force E\x to be very unstable. Therefore, we can choose a A; > (independent of 
d, £ and M) such that (0.4) is always trivial. Thus (0.3) will force 

^^i'i{E\^,E\^®p*xOx{D){kT.)f + {0}. (0.5) 

(0.5) certainly is possible for sheaves over A. However, if we can show that the number 
of moduli of the set of sheaves F (over A) satisfying (0.5) is strictly less than 

the number of moduh of {Ei^ \ E^e^to'^} - Cx, 

then codim(OTQ''^, OTq'"^) > Ci, which is exactly what we need. Therefore, the proof of 
theorem 0.1 is reduced to the proof of the following theorem. 

Theorem 0.4. Let X be any ruled surface and let H and I be as in theorem 0.1. Then 
for any integer r, any divisor D C. X and any constant Ci, there is a constant N such 
that for d>N, 

dim{E G m''^^ I Ext°(£;, £;(£») )° ^ {0}} < r?(r,d,/) - Ci. 

The advantage of working with a ruled surface lies in the fact that every vector 
bundle on ruled surface can be constructed explicitly as follows: Let X = A and let E 
be a vector bundle on A. For simplicity, we assume for general fiber of vr: A ^ S, 
the restriction sheaf E\p^ = O®^. Then there is a unique rank r vector bundle V on S 
and a sheaf F supported on a finite number of fibers of tt such that 

— >E — >Tr*V^F — ^0 

is exact. When E is general, F is of the form ©Op. (1), where Pi are fibers of vr. 
Thus the condition under which E admits traceless homomorphism E E{D) can be 
interpreted in terms of the location of Pj's and the choice of homomorphism (p. The 
argument to carry out this approach is rather straightforward though quite technical 
and will occupy the first section of this paper. In §2, we will review the degeneration 
construction and use it to prove theorem 0.1. The theorems 0.2-0.4 will be proved in 
§3. We remark that after the completion of the initial version of this work, O'Grady 
has improved our results in his paper [OG]. 
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Conventions and preliminaries. 

All schemes are defined over the field of complex number C and are of finite type. All 
points are closed points unless otherwise is mentioned. We shall always identify a vector 
bundle with its sheaf of sections. If / and J are two line bundles on surface, then we 
denote by / -J the intersection ci(/) ■ci{J) and P the self-intersection ci(I) •ci(/). We 
will use ~ to denote the numerical equivalence of divisors (line bundles) . For coherent 
sheaf F, we denote by rk(F) the rank of F. In case F is supported on finite number of 
points on X, we denote by 1{F) the length of F. If p and q are two polynomials with 
real coefficients, we say p y q (resp. p ^ q) if p{n) > g(n) (resp. p{n) > q{n)) for all 
n » 0. 

In the following, X will always denote a smooth projective surface. Let if be a 
very ample line bundle on X. For any sheaf on X, we denote by Xe the Poincare 

polynomial of namely, XE{n) = x(^('^))) E{ri) = E<^H®^, and denote by pE the 
polynomial ^^e) X-E when rk(i?) 7^ 0. Unless the contrary is mentioned, the degree of 
a sheaf E is ci{E) • H. We recall the notion of stability: 



Definition 0.4. A sheaf E on X is said to be stable (resp. semistable) with respect to 
H if E is coherent, torsion free and if one of the following two equivalent conditions 
hold: 

1. Whenever F G E is a proper subsheaf, then Pf ^ Pe {resp. pp -<Pe); 

2. Whenever E ^ Q is a quotient sheaf, rk((5) > 0, then pE -< Pq {resp. pe ^ Pq). 
When E is a torsion free coherent sheaf on X, we define the slope lJt{E) = ^.^e) deg-E. 

Definition 0.5. Let e be a constant. The sheaf E is said to be e-stable if one of the 
following two equivalent conditions hold: 

1. Whenever F C E is a subsheaf with < rk(F) < rk{E), then fj,{F) < fj,{E) + 

2. Whenever E ^ Q is a quotient sheaf with < rk((5) < ik{E), then fJ^iE) < 

We call E jjL-stable if E is e-stable with e = 0. When the strict inequality are replaced 
by <, then we call E e-semistable. 



Let ^ iS be a flat morphism and let E ^ W be any sheaf on W. For any 
closed s e S, we will use Wg to denote the fiber of W over s and use Eg to denote the 
restriction of E to Wg. For any subscheme T C W, we denote by E^x the restriction 
of E to T. We shall adopt the following convention: If 7^ is a set of sheaves on X, 
then the number of moduli of TZ is the smallest integer m so that there are countably 
many schemes (of finite types) of dimension at most m, say Si,S2, - ■ ■ , and flat family 
of sheaves Es^ , Es^ , ■ • • on XxS'i, XxS'2, • • • respectively of which the following holds: 
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For any F ^ TZ, there is a closed s £ Sk for some k such that F = Es^^s- We will 
denote by #mod(^) the number of moduli of TZ. In case i? is a scheme parameterizing 
a family of sheaves and t £ R, then we denote by #mod(-^' W) number of moduli of 
sheaves parameterized by the germ of R at r. In particular, we write #mod(-^)' where 
E is any sheaf, for #mod(Q, [E]) (= the number of moduli of the set of all "small" 
deformations of E), where Q is a Grothendieck's Quot-scheme [Gr] that contains all 
deformations of E as quotient sheaves of some appropriate locally free sheaf. Another 
notion we use frequently is #aut(-£') = dimAut(£^), where Aut(£') is the group of 
automorphism of E. Note #aut(-E') = hP{Snd{E)). When 7?. is a set of sheaves, then 
#aut(7^) = max{#aut(^) \E£n}. 

1. Vector bundles on ruled surface 

The purpose of this section is to prove an analogy of theorem 0.1 for ruled surface A. 
Before giving the precise statement of the theorem, we first introduce some notation. 
Let S be a smooth curve and let vr : A ^ S be a ruled surface. For simplicity, we 
assume A is the projective bundle of a direct sum of a trivial line bundle with a very 
ample line bundle (over S). Hence tt: A — >^ S has a unique section S~ with < 

and has many sections with positive self-intersection. We choose one such section and 
denote it by S"*". By assumption, IS+I is base point free. Let H be an ample line 
bundle on A that is numerically equivalent to (denoted by ~) aS+ + 6P^, where 
is a general fiber of tt. Let e be a constant, let / be a line bundle on A and let D be 
any divisor on A. In this section, we will study the set Sl^'j ^ of all e-semistable (with 
respect to H) rank r locally free sheaves E with det E = I and C2 {E) = d and the set 

2i:l^(D) = {Ee Sl^'j,^ I mME,E{D)f + {0}}. 

Here and in the following, the superscript always stands for the traceless part of the 
group or sheaf. For technical reasons, we will choose H to be very close to E"*" in the 
sense that hja is very small. With the choice of EL understood, we will not build H 
into the notation and will write 21^'^ (resp. 2lg'j(D)) for 21^^ ^ (resp. 21^^ ^{D)). We 
will also use rjAiE) = riA{rk{E),C2{E),ci{E)) to denote the number 

r,A{r,d,I) = 2rd - {r - 1)1^ - {r^ - 1)x{Oa). (1-1) 

VA{f,d,I) is the expected dimension of 21^ j. Because in this section we work solely 
with the surface A, we will simply write rj for rjA- The theorem we will prove in this 
section is the following. 



Theorem 1.1. Given r and A, there is an eq > depending on r and A of which 
the following holds: For any ample divisor H ~ al]+ + with h/a < eq and for any 
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choice of constants e, C and divisor D C. A, I E Pic(A), there is an integer N such 
that whenever d> N, then we have 

#mo4K'i{D))<r]ir,dJ)-C. (1.2) 

The advantage of working with ruled surface Ues on having a powerful structure 
theorem of torsion free sheaves on A. Let E be any torsion free sheaf of rank r. By 
Grothendieck's splitting theorem, its restriction to a generic fiber has the form 

E^p^ ®Op^{ai)®'-\ ai >•■■>«„. (1.3) 

In the following, we call a = {o(f^^ , • ■ ■ j «®'"" ) the generic fiber type of E. (The integer 
sequence {ctj} is always assumed to be strictly decreasing.) We let i{a) = Yl^=i fiOi-i- 
Clearly, r = Yl^=i'''i further, when det£^ = / and degl|p^ = m, then m = ^(a). 
2lg' J can be divided into strata according to the generic fiber types of individual vector 
bundles. Let r G N and / G Pic(A) be fixed. Without loss of generality, we can assume 
< deg/|p^ < r - 1. Let m = deg/|p^ and let 1„ be the fiber type (lem o®(r-m))_ 
For any fiber type a with £(q) = m, we let 

2l^'j(Q;) = {E e 21^' J I E has generic fiber type a}. 

The first observation we have is that except for a = 1^, none of #mod(2lg /(a)) are 
close to r/(r, d, /). More precisely, we have 

Theorem 1.2. Let m = degl|p^. There are constants Ci and £q depending on (r, A) 
such that for any ample divisor H ~ aE"*" + with h/a < Sq and any fiber type 
a 7^ Im, we have 

#mod2i;'j(a)< (2r-l)d + Ci. 

The proof of theorem 1.2 goes as follows: Let a = {af'^^, ■ ■ ■ ,a®'^") be any fiber 
type. Then each E G 21^'^ (a) admits a relative Hardar-Narasimhan filtration 

= Eo^EiC---CEn = E (1.4) 

of which the quotient sheaves Fi = Ei/Ei-i are torsion free with generic fiber types 
(af^^) respectively. Clearly, the deformation of E within 21^''^ (a) depends on deforma- 
tion of individual F^ and the extension Ei -Bi+i -Pi+i- The contribution of these 
data to the number of moduli of 21^'^ (a) can be estimated by using Riemann-Roch. 
The details of the proof will be provided shortly. 
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In light of theorem 1.2, to prove theorem 1.1 we only need to study the stratum 
2i;;^,(l„) and 

Kj(.^m,D) = {Ee Kji^rn) \ iloin{E , E{D) f + 0}. (1.5) 

In this section, we will first establish theorem 1.1 for the stratum 21^' j(lo, -D) and derive 
the remainder by induction on m. 

Let E be any vector bundle of generic fiber type lo=(0®'"). Let x G S be any point, 
let be the fiber of vr over x G S and let ji^iE) = {^f' , be the fiber type 

of E\p^. In case Px{E) / lo, we call a jumping line of E. Let Px be a jumping 
line of E. We then perform semistable reduction on E along P^ by taking F to be the 
kernel of the (unique surjective) homomorphism E Op^{(3n)®^"- For convenience, 
we will use T^; to denote this operation and denote F = Tx{E) and 0Jx{E) = P®^". 
Clearly, F belongs to the exact sequence 

O^F-^E^Op^iPn)'^'-- ^0. (1.6) 

An easy calculation based on Riemann-Roch yields 

Lemma 1.3. Let F = TxiE) with 0Jx{E) = t®' , then ci(F) = ci{E) - s[Px] and 
C2(F) = C2iE) + s-t. In particular, 77(r, C2(F), ci(F)) = r]{r,C2iE), ,ci{E)) + 2rs-t. 

Proof. See [Br, pl66]. □ 

In case F still has a jumping line, say Py of type (• • • ,7®*'), then we can further 
perform semistable reduction on F to get F2 = Ty{F). We can iterate this process 
as long as the resulting vector bundle F^ still admits jumping lines. In general, if F^. 
is derived by successively performing this type of elementary transformations, namely, 
Fo = E and Fj+i = T^, (Fj) with w^, (Fj) = t®"*' for i = 0, • • • ,k-l, then we will write 

Ffc = TA(F), A=<xi,--- ,Xk> 

and define u}a{E) =< tf"' , • • • , t^'"' >. We cah k the length of A. 

Lemma 1.4. For any vector bundle E of generic fiber type Iq, there is a finite length 
A =< Xi, - ■ ■ ,Xk > such that Tj^{E) has no jumping lines. 

Proof. By lemma 1.3, the second Chern class of Tx{E) is strictly less that C2{E) 
because /?„ < when Px{E) 7^ lo- Thus lemma 1.4 follows if we can show that any 
vector bundle of generic fiber type Iq has non-negative second Chern class. Indeed, let 
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E be any vector bundle of generic fiber type Iq- We choose a divisor D supported on 
fibers of vr such that Od is a subsheaf of E with E/0{D) torsion free. Since E/Od 
has generic fiber type Iq, we can assume C2{E/0{D)) > by the induction hypothesis 
on the rank of E. Hence, 

C2iE) = C2{E/0{D)) + D ■ {ci{E) - D) = C2{E/0{D)) > 0. 

This completes the proof of lemma 1.4. □ 

Let E he a, vector bundle of generic fiber type Iq and let A =< xi, ■ • • ,Xk > be 
such that F = Ta{E) has no jumping lines. Then F is a pull-back vector bundle 7r*V' 
whose dual belongs to the exact sequence 

— ^E"^ — > 7r*V'^ — >J — ^ 0, (1.7) 

where J is a torsion sheaf supported on the union of fibers P^i- Usually, the sheaf 
J near some fiber P^^ can be very complicated. The case that is easy to understand 
and will be dealt extensively in the subsequent discussion is when J = Op^,{l) near 

Pxi- The following theorem says that when the number of moduli of 2tg'j(lo) is close 
to r]{r, d, I), then for general E G 2tg''^(lo) with the exact sequence (1.7), J = Op^ (1) 
near P^^ for all Xi G {xi ■ ■ ■ Xk} except for a bounded number of fibers. 

Theorem 1.5. For any constant e, there is a constant C2 such that 

i^modK'i<vir,d,I) + C2. (1.8) 

Further, for any constant C , there are integers I, li, I2 and Ni of which the following 
holds: Assume d > Ni and that S is a variety parameterizing a subset of 21^' "^(Iq) 
satisfying #mod('S') > r]{r,d,I) — C. Then there is a line bundle L on Y. of degree 
[{d — c)/r] + l\, where c = I ■ S"*", so that for general E e S, there are 

(1) d — I distinct points xi, • • • ,Xd-i ^ T, in general position, a surjective homo- 
morphism n :7r*L®'' ©fji'Cp^. (1) and 

(2) a zero dimensional scheme (divisor) zq C. T, away from {xi,--- ,Xd-i} with 
£{zo) < h and a sheaf of O^-ii^^^^ymodules J with a quotient homomorphism 
To ITT* L®'^ J so that E^ belongs to the exact sequence 

Q^E^ ^ 7r*(L®'^) J e ( eW,. (1)) 0. (1.9) 
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This theorem holds for a very simple reason: To maximize the number of moduli of 
the set of those E in (1.9), we need to maximize the number of moduli of the set of 
homomorphisms tq © ri and the quotient sheaves in (1.9). This can only be achieved 
by letting J = {0} and Xi general. Hence, if #mod2lg /(lo) is close to the expected 
dimension r]{r, d, I), then the number of fibers in supp(J) can not be too large. 

Now we sketch how this structure theorem of 2lg'^(lo) leads to the proof of theorem 
1.1. We first prove the case m = by contradiction. Assume #mod2tg /(lo, -D) > 
r]{r,d,I) — C. Then by theorem 1.5, general element E G 2tg'j(lo,D) fits into exact 
sequence (1.9) with {xi,--- ,Xd-i} and ri : 'k*L®^ — > ©Op^.(l) general. Now let 
F = ker{7r*L®'' ^ J} and let f:E^ E{D) be a non-trivial traceless homomorphism. 
Then / induces a non-trivial traceless homomorphism 

~f,F^F{D + 1,-^X0)), 

where zq is a divisor of S as in theorem 1.5 2). Because the position of xi, • • • ,Xd-i 
and the homomorphism t\ are general, we will see by degeneration theoretic methods 
that for the torsion free sheaf F' = ker(7r*L®'' ®{Op^. © fcpj), Ylo^{F',F'{D + 
7r~^(zo))) 7^ 0, where pi G P^;.. Because of the special choice of F\ the non-vanishing 
of the previous group amounts to say that for any choice of G A, there are sections 
of H^{0{D + 7r~^(zo))) that vanishes on [{d — l)/r\ of pi, • • • ,Pd-i- On the other 
hand, since D is fixed and ■k~^{zq) is bounded, this is impossible if {pi} are generic 
and d is sufficiently large. This leads to a contradiction which ensures that ry(r, d, I) — 
#mod2lg'j(lo, -D) can be arbitrary large. 

For the general case, we use induction on m (with r > m fixed). Assume the 
theorem holds for m — 1 > and assume #mod2lg'/(lm5 D) > r]{r, d, /) — C. Then for 
general E G Sl^'^l^, D), we can perform an elementary transformation on E along a 
section S"*" to get a new vector bundle E G 'tR^^'fj,{lm-i,D). By carefully study this 
correspondence, we wiU get the desired estimate of #mod2lg /(Imj -D) from the known 
estimate of #niod9^e''7/(lm-i, £•), thus establishing the theorem 1.1. 

In the following, we will fill in the details of the above sketch. We continue to use 
the notation introduced before lemma 1.4. We begin with the estimate of the number 
of moduli of vector bundles of generic fiber type Iq. Let Eq g 2lg'j(lo) be any vector 
bundle of generic fiber type Iq and A =< xi, • • • , x^ > be such that F = T\{Eq) has 
no jumping line. Then is a pull-back vector bundle 'k*V. Let u be uja{Eo) =< 
tf'\--- ,1®'" > and let 

SaAF) = {Ee I ujAiE) = u and T^iE) = F}. 
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In the following, we will estimate the number of moduli of this set. We first study the 
case where A =< x > and to =< t®* >. Let /3x{F) = (• • • Because of the 

following lemma, either t < (3i or t = /?;. 

Lemma 1.6. Suppose E\p^ has fiber type (• • • ,7®*") and that Tx{E) has fiber type 
(• • • , Z?®''') at X, then either 7„ < /3/ or 7„ = /?; and ri< s^. 

Proof. Since F = Tx{E) is the kernel oi E Op^ (7n)®'*" , F\p^ belongs to the exact 
sequence _^ 

Op.(7n)®^" F\p^ — Op,(70®'' 0. 

Then the lemma follows because 7„ < 7n-i < • • • < 71. □ 

Let E G Sx,w{F). By dualizing the sequence (1.6), we get 

— >E^ — ^F^ — ^ Op, {-t)®' — ^ 0. (1.10) 

Clearly, all possible E"^ that fit into (1.10) are parameterized by a subset of H that is 
the total space of Hom(F^, Op, (— t)®*). Now let C S be the subset consisting of 
^:i?v ^ Op,(-t)®* such that ker(7)^ G Sx^^{F). G admits a left GL(s,C) action 
and a right Aut(F^) action as follows: Let ip\ G Aut(F^) and let (/?2 € GL{s) = 
Aut(Op,(-t)®*), then 

(p2-j-(pi = (p20jo(pie Hom(F^, Op, (-i)®*). 

Geometrically, • 7 • (^1 corresponds to a locally free sheaf E' defined by 

Q-^E"" ^ '"^-^^^ Op^i-t)®' 0. 

Clearly, is isomorphic to E = ker(7)^. Conversely, suppose Ei and E2 are two 
isomorphic locally free sheaves associated to 7i , 72 S 0. Then isomorphism E'l — > E2 
induces isomorphism between Tx{Ei) and T-r(i?2). Hence, there is an automorphism 
ipi : fitting into the (commutative) diagram 

^ E^ ^ Op^{-t)®' ^ 



> EX > F^ OpS-t)®' ^ 

In particular, there is a ^72 : C'p, (— t)®* C'p, (— t)®* such that V'2 o 7i = 72 o 
Therefore those points in that give rise to isomorphic sheaves form an Aut(F^) x 
GL{s) orbit. Next, we will determine the size of the stabilizer in Aut(F^) x GL{s) of 
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any 7 G 6. Suppose (pi G Aut(F^) and ip2 € GL{s) are such that the right rectangle 
below is commutative, 



> > OpJ-t)®' > 



'Pi 



V2 



> E'' > — ^ OpJ-t)®^ . 

Then it induces a (/) G Aut(F^). One sees that such a map Stab^ Aut(£'^) is 
injective. Thus, if we let 0^ C B be the set of 7's such that ^aut(ker(7)) = k (for a 
set R of sheaves, we define #aut(-R) = max£;g^{dimHom(i?, F)}), then 

dim(GL(s)\0fc/Aut(F^)) < dimHom(F^, OpJ-i)®^) - (s^ + + (1.11) 

Finally, let (/3f • • • ,/5®''") be the fiber type of F\p^, then by lemma 1.6, t < (3i. 
Because ^ ri/3i = 0, we have 

n 

dimHom(F^,Op^(-t)) = J^r-,dim//0(Op^(A-t) = r(-t + l). (1.12) 

i=l 



Returning to the general case A =< Xi, • • • ,Xk > and u =< • • • >, we 

will prove: 

Lemma 1.7. With the notation as above and let E G Sx,uj{F), then 

(#mod — #a.ut){S\^^{F)) < 

n n 

< n{E) - (r 5^ s,{-t, -l) + Y,si)~ #,„t(i^) - {r^ - 1)(5 - !)■ 

i=i i=i (1.13) 

Proof. We only need to prove the inequality 

n 

(#mod - #aut)(5A,u.(i^)) < ^(''^^(-^^ + ^) ' 'i) " #-nt{F) (1.14) 

i = l 

because then (1.13) follows from C2{E) = — "^"^i^iti and ri{E) = —2rY^"^^Siti + 
(r^ — l){g — 1). We prove (1.14) by induction on n. When n = 1, (1.14) follows from 
(1.11) and (1.12) because #aut(«5A,w(-?^)) = sup{A;|6fc 7^ 0}. Now assume (1.14) is true 
for n - 1. We divide <S^,,(^,(F), coi = (if*'), into subsets Wk such that F' e Wk 
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if #aut(i^') = k. Let A2 =< X2,--- ,Xk > and ^2 =< t^"\--- ,t®'" >. Then by 
induction hypothesis, for F' G Wk, 

n 

(#mod - #aut)(5A.,a,.(i^')) < + 1) " 4) ' ^ 

i=2 

and therefore, 

(#mod - #aut)(>5A,a.(i^)) < SUpj ^ (rs^ (-t^ + 1) - S^) - /c + #„,od(W^fc)| 

< + 1) - si) + {rsi{-h + l)-si- #aut(i^)) 

i=2 
n 



Now we are ready to prove our structure theorem for subsets of 21^^(0^). 

Proof of theorem 1.5. (1.8) follows directly from Riemann-Roch and the fact that 
there is a constant C2 depending on (A. H. e) such that for any E G 21^'^, #aut (E) < C2 ■ 
We now prove the second part of the theorem. Let S C 2lg''^(lo) be any (irreducible) 
algebraic set and let G S* be a generic element. By lemma 1.4, after performing a 
sequence of semistable reduction at yi, • ■ ■ , we get a vector bundle with no jumping 
line, say 7r*F with F a vector bundle over S. Clearly, n = n{E) depends on E. We let 
So C 5 be the open set oi E' & S with n{E') = E and let tiq be the integer so that when 
E varies in 5o, the number of moduli of the (unordered) set yi, • • • ,yn is uq. In other 
words, no of (yi, ■ • • Un) arc in generic position. We know that the number of moduli 
of rank r vector bundles on S is r^(y — 1) + 1- Also, since E is e-stable, #aut(£') is 
bounded by a constant C3 independent of d and / (see lemma 1.10). Combining these 
with (1.13), we get 

n n 

#mod{S) < ri{E) - r 5^ Si{-U - 1) - J] + no - #aut(i^) + 9 + C^- (L15) 

i=l 1=1 

Since we have assumed #mod('S') > ri{r, d, I) — C, for C3 = C + C'^ + g, we get 

n n 

Cs>rJ2 Si{-ti - 1) + (E - ^0) + #aut (i^). (1-16) 
i=l i=l 
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Because < 0, all terms in (1.16) are no n- negative. This immediately gives us n— no < 
C3. Next, we define the multiplicity m{yi) of j/j to be the number of appearance of the 
point yi in (?/i, • • • ,y„). Then by (1.16), 

1 " 

l^H^iVi I m{yi) > 2} < 5^ - no < C3. 

i=i 

So the total multiplicity of multiple points is bounded. Without loss of generality, we 
can assume yi, • • • , yno ^'^^ iii general position for general E & S. For convenience, we 
call yi G [yi,--- ,yn) a simple point if m{yi) = 1 and ujy.{E) = tf*' is (—1)®^. We 
claim that then 

n n 2 

J2 ^ 2^ Si(-ti + Si - "0) + #{yi I m{yi) > 2} < (- + 2)^3. 

^simple i=l i=l 

(1.17) 

Indeed, when ti < —2, then the term Si[—ti) is bounded from above by term 2sj(— t^ — 1) 
in the middle of (1.17) and when ti = —1 and s, > 2, then we have — Sjij < — 1- 
The only remaining situation is when m(yj) > 2, = 1 and Sj = 1. But in this case, 
{—ti)si = 1 can be absorbed by term #{yi \ m{yi) > 2}. Hence, (1.17) holds. Finally, 
since d = Yli=i{-ti)si, 

#{yi I yi simple} = d+ ^ SiU > d- AC3. 

j/i#simple 

Therefore, combined with n — no < C3, we get 

d > n > ni = #{yi \ yi simple, 1 < i < no} > d — 5C3. (1-18) 

Now we let I = [5C3] + 1. Without loss of generality, we can assume {yi, • • • , ya-i} are 
simple points in {yi, • • • , yno}- Then the sheaf E must belong to the exact sequence 

— > 7r*F — > E — > (^®Op^. (-1)) e J' — >0. (1.19) 

To prove the proposition, we need to have an estimate on F and J'. By definition, J' 
admits a filtration 

= Jd-l ^ Jd-i+i Q ■ ■ ■ Jn = J' 

such that Jj+i/Jj = Opy, (t^)®*'. Thus there is a zero scheme C E supported on 
{yd-i+i, • • • , yn} of length £{z') < n — {d — l) < 5C3 (because of (1.18)) such that J' is 
an (!?^-i(2./)-modules and further 

n n 

0<ci(E)-S+-(degi^ + d-0=ci(J')-S+= ^ Si< i-ti)si<5C3. 

i=d-l+l i=d-l+l 

(1.20) 
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Here, the last inequality holds because of (1.17) and n— no < C3. Also, since #aut(-f') < 
C3 (from (1.16)), there is a constant C4 such that F is C4-stable. 

It remains to show that we can find an integer li (independent of d) and find a single 
line bundle L of degree [{d — c)/r] + h {c = I ■ S+) so that for any E & Sq, E belongs 
to the exact sequence 

^ ^ 7r*(L®^) C®[^Py, (1)) ®J^0 (1.21) 

specified in theorem 1.5. First, there is a constant li and a line bundle L of degree 
[{d — c) /r] + h such that for any C4-stable rank r vector bundle F on S satisfying 
(1.20), L ® F is generated by H^{L (g) F). Now for any E & Sq with the data given 
by (1.19), we choose 7r*F^ 7r*L®'^ so that the support of 7r*(L®'')/7r*F^ is disjoint 
from y~^iZ[Pyi- Then by dualizing (1.19) and coupled with 7r*F^ Tr*{L®^), we get 

^ ^ 7r*(L®'^) ^ Je ( ©W,.(l)) ^ 0. 

Finally, it is easy to sec that there is an integer I2 depending only on C3 and li such 
that for some subscheme 2; C E of length £{z) < I2, J is a sheaf of C>^-i(2)-modules. 
This completes the proof of the theorem. □ 

Now we prove theorem 1.2. 

Proof of theorem 1.2. We begin with a general vector bundle E G 21^'^ (a), a = 
,ar")^l„. Let 

= EoCEiC-- - CEn = E (1.22) 

be the relative Hardar-Narasimhan filtration such that Fj = Ei/Ei^i are torsion free of 

generic fiber types (a®''") respectively. We call this the relative filtration of E. ((1.12) 
can be derived by using the usual Harder-Narasimhan filtration of E with respect to 
the divisor kP^ + S+ with k » 0.) 

We fix Fi = Ei/Ei-x and let W{{Fi}'l) be the set of all vector bundles V such that 
whose relative flltrations C C • • • C F„ = V satisfy Vi/Vi-i = F^. Our first step 
is to estimate the number of local moduh #mod ) [^\)- ^« = ^Ci{Fi) 

and di = C2{Fi) — (2)^^. Note that by proof of lemma 1.4, di > 0. Now an easy 
calculation shows that 

d = c2{E) = -Y,n{I- A,). A, + E = 2^' - 2 5^ ^'^^ + ^ ^^-^^^ 

i=l i=l i=l i=l 
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Prom the exact sequence 

K_i ^E^Fn^O 
and the argument similar to (1.11), we have 

#'Ze.{W{{Fi}i)^HE]) < #'Ze.{W{{F,}r^)a.t[E^_^]) + dimExt\F„, 

- #aut(i^n) - #aut(K-l) + #aut(^) - dimHom(F„, 

(1.24) 

Further, because E^_i (g) F„ has generic fiber type ((q!„ — ai)®'^^ , • • • , («« — o^^-i"^ )) 
and CKj+i < aj, Ext^(F„, E^^-i) = by Serre duahty. Hence 

dimHom(F„,K-i) - dimExt\F„,£;„_i) = x(K,En-i), (1.25) 

where the right hand side of (1.25) is the abbreviation of x(Ext' (F„, i?„_i)). Finally, 
by using the filtration (1.22), we have 



#mod(^({^i}r)at[£;])-#aut(£^) 

n-1 

< #'Zd{Wi{Fi}r') at K-l]) - x{Fn, En-l) - #aut(^n-l) - #aut(i^n) 



i=l 



<Y^xiFi,Fj)-J2i^.nt{Fi). (1.26) 

i>j i=l 

The last inequality is derived by iterating the first part of (1.26). Therefore, 

#mod2i;'j(«) <SnplYx{Fi,Fj) + Y{#u.od{Fi) - #aut(i^i)) 

i>j i=l 

+ max{#aut(i?) I E G 2i;'j(a)}, (1.27) 

where the sup is taken over all possible relative filtrations (1.22) of E^s in 2lg'j(Q!). We 
now calculate the right hand side of (1.27) by Riemann-Roch. First, 

x{Fi, Fj) = nrj [^{Aj - - h^A^ - A,) -K^ + (1 - 5)) - ndj - Vjdi. 

For simplicity, in the following we will group all terms that are bounded independently 
of Tj, di, Ai and am ^ Im into 0{1). We have 

X{F,, F,) = -Y nr, {^-{A, - A^f - \ (A, - A^ .i^^ + ^ + ^) + 0(1). (1.28) 
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Further, one calculates 

V{F,) = 2n{d. + (2^)^?) - (r. - l)rjAj - {rj - 1)(1 -5) 

= 2ndi-{rl-\){l-g). (1.29) 

Thus by combining (1.23), (1.27)-(1.29) and the fact that #mod(-^i) - #aut(^i) < 
x{Fi,Fi), we obtain 

(#mod(^) - #aut(i?))(2i:'j(«)) - (2r - l)d 

^ -E^^^.(^(^i - ^^)' - ^(^.- - + f + ^) 

n n w n 

+ J2 ^ridi - (2r - 1) (E - E A') +0(1). 

i=i \=i ^ i=i (1.30) 



To analyze (1.30), we first note that 

'di dj- 



5: r,r, (A, - = r E - E + ^) = E(- - -0^.- 



Now if we let Ai ~ + qP^ and let 5 = S+-S+, then the right hand side of (1.30) 
is equal to 



1 1 

5^(-(r - l)nAl -{r-n- l)d^ + -Y^nrMj ' A) "^a + 0(1) 

n -j^ n 

= E 2^*^ ~ l)ri(-(5Q!f + 2aiCi) - ^(r - - l)di 

i=l i=l 



which is bounded from above by (note di > 0) 

"I^E'^i + ~ 1) 5]]riQ!iCi -^TiVjiCj - Ci) + 0(1) 



4 



fc-1 



4'^E"? + E^fc^fc((^-i)"^+E^^- E ^0 +^(^)- 

i=l fc=l^ i=l i=fc+l ^ (1-31) 
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Let pk = {r - l)ak + Y.^=i ~ Y,7=k+i ^i- Then when a ^ 1„, or equivalently when 
n > 2 or n = 2 and ai — a2 > 2, we will always have 

Pk - Pk+i = (r - l)(Q!fc - oik+i) - {vk + rfc+i) > 0, k<n-\. 

We rewrite 

n / k—\ n \ n—1 / k \ n 

i rkCk ({r - l)afe + ^ r-j - ^ rj j j = ^ ( (pfe - pfc+i) riCi) j + X! '^^'^i- 

fc=l ^ 1=1 i=k+l ^ k=l ^ i=l ^ i=l 

Finally, we shall make use the fact that E is e-stable. If iJ ~ aE+ + 6P^, then for any 

K 

deg{Ek) = aY,nc^ + bY,riai<^-^^H-I + eVlP. 
i=i i=i 

Therefore, for < n — 1, 

k 



y^ViCi < 1 + - + e\ S + 2- - - V'riai. 
a V a a 

Thus we get 

n k 
k=l i=l 

E"" ^, , / a + 6 + eV a^(5 + 2a6 \ 
(Pfc - i?fc+i) 2^ J^iCti J + Pnm 

k=l i=l 

< - • ^'(E + + + -))£ + Oil). 

" i=i z=i (1.32) 

Here we have used the fact that pk — Pk+i < Y17=i l*^*! + ^^'^ ^'n < because 
a ^ Im and Y17=i '''i^i = 'ti > 0. Now if we assume 

-r^ < — 6, 
a 16 

then everything in (1.32) can be absorbed by the quadratic term —\SY^^=i(^i (in 
(1.31)) with the help of some constant Ci. Thus combined with (1.31), we have proved 

#mod2t:;'j(a) < (2r - l)d + Ci + max{#a,t(£^) | E G %';j{a)}. 

The theorem 1.2 will be proved if we can bound Hom(i?, E) for E G 21^'^. Since E is 
e-stable, i?^ (g) must be 2|e| + 1-stable. (This can be proved by using the fact that 
the Harder-Narasimhan filtration of E will induce the Hardar-Narasimhan filtration of 
(g) E.) Thus #aut(-£') is bounded independently of d by the following lemma. 
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Lemma 1.8. For constants ci, 62 and integer r, there is a constant C such that 
whenever V is a rank r ei-stable vector bundle on A such that \ deg(F)| < 62, then we 
have dimi^O(y) < C . 

Proof. We prove the lemma by induction on r. The case r = 1 is obvious. Assume 
the lemma is true for vector bundles of rank < r — 1 and assume V has H^{V) 7^ {0}. 
Then there is a line bundle L, dcgL > such that V belongs to the exact sequence 

— >L — >V — > V/L — > 

with V/L torsion free. Since V is ei-stable and |deg(y)| < 62, there are constants 
e[ and 63 such that |degL|, |degF/L| < 62 and V/L is e'l-stable. Thus by induction 
hypothesis, there is a constant C such that h'^iL) < C and h^iV/L) < C. The lemma 
then follows. □ 

We now prove theorem 1.1 by induction on m. We first establish the case m = 0. Let 
e and C be any constants, r > 2 be an integer and Z) C A be any divisor. We assume 
H is an ample divisor satisfying the condition of theorem 1.2. To prove the theorem, 
we need to show that there is a constant N depending only on {X, H, r, I, e, D) so that 
if for some d we have 

#mod2t:'jP)>??(r,d,/)-C, (1.33) 

then d< N. Now assume (1.33) does hold. Thanks to theorem 1.2, there is an A/"! > 
such that if d > A^i, then the set 2lg'j(D, Iq) satisfies 

#mod2i:'j(i^, lo) = #mod2i:'j(^) > r/(r, d, I) - C. (1.34) 

Of course, 2lg'j(D, Iq) is a constructible set. Let S be an irreducible variety parameter- 
izing a subset of 21^^(1?, Iq) such that #modS > r]{r, d, I) — C. By theorem 1.5, there 
are constants I, li, I2 (independent of d) and line bundle L of degree [{d — c)/r] + li 
such that associated to a general E & S, there are xi, - ■ ■ , x^-i G S in general position 
and a quotient sheaf Je of 7r*(L®'") such that E belongs to the exact sequence 

E"" ^7r*{L®'^) Je (Vop,, (1)) 0. (1.35) 

Clearly, E is determined by the surjective homomorphisms 

TT* (L®'^) ^ Je and tt* (L®^) ^ Op^^ (1). 

Hence the combined number of moduli of the sets of these quotient sheaves that come 
from E e S is no less than r]{r, d, I) — C. Let 

Eo = {to: 7r*{L®-) JeIEeS} 

Si = {n : 7r*(L®^) ^ Op,^(l) \ E e S}. 

Because of the following lemma, the information contained in Sq is minimal. 
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Lemma 1.9. There is a constant C5 independent of d such that #mod(So) < C5. 

Proof. We first calculate the Hilbert polynomials of the sheaves Je- Let JE{n) = 
Je®!!®"". Then 

x{JE{n)) = x(7r*L®-(n)) - x{E{n)) -{d- Ox(Op,(l) ® H^^) = a^{d)n + a^{d), 

where ai(d) = {r[{d- c)/r]- d + rh + l)-{H-P^) - I-H &nd ao{d) = {r[{d-c)/r]- 
d) + rli — + \l-K + 21. Since for integers r[{d — c) /r] — d can only attain integer 
values between — c — r and — c, the function ai{d) (resp. aQ{d)) can only attains r 
values. Hence, {x{Je{-)) | £^ G 5"} is a finite set (independent of d) and by [Gr, pl2], 
the set So is bounded. Thus, there is a constant C5 such that #modSo < Cs- D 

Since #modS < #modSo + #modSi, we have 

#modHi >ry(r,d,/) -(C + C5). 

Let Ti G Hi and F = kcr{ri}. In the following, we seek to relate the the non- vanishing 
of Hom(i?, to the non-vanishing oi iiom.{F, F{D'))^ for some divisor D'. First 

of all, by 2) of theorem L5, there is a divisor ^ G E (of degree < I2) such that the 
composition 

F{-Tr-\z)) ^ Tr*L{-TT-\z))®'- 7r*L®'' ^ Je (1.36) 

is trivial. Because of (1.35), F{—7r~^{z)) is a subsheaf of . Therefore, any non- 
trivial traceless homomorphism ip : E ^ E{D) will provide us a non-trivial traceless 
homomorphism 

F{-Tr-\z)) E^^E^iD) F{D) 

Further, let ^ be a fixed divisor on S of degree I2 + 2g. Since /i°(S, Oy,{z — z)) 7^ 0, 
}iom{F,F{D+TT-^{z)) 7^ implies Rom{F, F{D+Tr-'^{z))) ^ 0. Thus we have proved: 

Lemma 1.10. With the notation as before, then there is a divisor z C T, independent of 
d and D such that for any sheaf F = ker{ri}, where ti G Hi, and for Di = D + 7r~^{z), 
we have Hom{F, F{Di)) 7^ {0}. □ 

Our next step is to investigate the set Hi by utilizing this non-vanishing property. 
We first fix d — / general points xi, • • • , x^-i G S and let U be the set of all quotient 
homomorphisms 

a:7r*{L^^)^ eOp^^il). (1.37) 
1=1 

U is (canonically) parameterized by an open subset of the product of d — I copies of 
projective space p^'^-i after fixing basis of each H^{Op^,{l)). In the following, for 
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any u G H'^ 'P^'' ^ we denote by cr„ the associated homomorphism cr„ : 7r*(L®'') 
®UOp^S^). Let 

Hi(j)={uGn^-'p2-i la^GHj. 
Since the points of (p) = (xi, • • • ,Xd-i) are general, 

dimSi(y) > #^odSi - (d - > ^(r, /) - (C + C5) - (d - Z) > (2r - l)d - Cg (1.38) 

for some integer Cq. Now let /a = I + Cq + 1. Possibly after rearranging the order of 
{xi,--- ,Xd-i), we can further assume that the restriction to Hi(p) of the projection 
from U'^-ip^'T-'^ to the first d — I3 factors, 

Hi(y) C u.'^-ip^r-i — ^ jjd-Z3p2r-i^ 

is dominant. That is, for general v G n'^-^3p2r-i ^j^j^ ^/^ . ^*i®r _^ ®f~[^Op^,{l) 

the associated homomorphism, there is at least one : 7r*L®'" ©fj^.^g+i^p^. (1) 
such that o"^ ® ^ considered as a quotient sheaf belongs to Si(p). Thus if we let 
V = ker{(7^ ® ^} and let Vy = kerja^,}, V and fit into the following exact sequence 

O^V^K^ '® Op, (1)^0. 

I=d-i3 + l ' 

Put A = U^~^_^^_|_^Pj;. be a divisor in A. Following the argument in lemma 1.10, the 
non-trivial homomorphism (p in lemma 1.10 induces a non-trivial homomorphism 

(/.':T4 ^^(^'i + ^j- 
Therefore for general v G u^-^^P'^r-i^ HomA(K, + ^))° 7^ {0}. Finally, as in 
lemma 1.9, for any fixed divisor ^0 ^ ^ consists of I3 + 2g fibers of A, we must have 
Hom(T4,K(-Di + ^0)) 7^ as well. Therefore, theorem 1.1 (when m = 0) follows 
from 

Proposition 1.11. For any divisor D C. A and any integer Iq, there is a constant N 
of which the following holds: Assvme d > N, that L is a line bundle on S o/degL = 
[d/r] + lo and that xi, • • • , are general points in T,, then for general v G II'^P^''"^, the 
sheaf Ey = kerjcjt,}, where ay is the associated homomorphism -k* L®'^ ®iLiCpx (1)? 
satisfies Hom{E^ , Ey{D)f = {0}. 

Proof. We prove it by contradiction. The trick is to first prove the vanishing of this 
homomorphism group for a special quotient sheaf and then apply the semicontinuity 
theorem to derive the general case. Let pi G P^. be general closed point and let be a 
small disk containing 0. There is a torsion free sheaf Jj on Pa,.xC7 fiat over U such that 
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Jj|P^.x{0} — C'p^, © Cp^ (Cp. is the skyscraper sheaf supported on pi) and for t ^ 0, 
Ji\p^,x{t} — C>p^. (1). It is easy to see that any surjective homomorphism 

f^■■{OpJ^'^ -^Op^^®C,^ (1.39) 
can be extended to a (surjective) homomorphism 

Fi : (Op^^xc/)®'' — ^ Ji- 
In generally, we can extend any surjective homomorphism 

/ : ^^L^r^ ^ © 7r*(L®0|P., ^ .© (Op., eC^J, (1.40) 
1=1 %=i 

to a (surjective) homomorphism 

F:7r*(L®'-)®o^OAxC/ ^ © ^i- 

1=1 

Let = ker{F|/^x{t}}- Then 14 is a flat family of torsion free sheaves on A parameter- 
ized by U. Assuming for general o-^, : 7r*(L®'') ®i=iOp^^ (1), ^ova.{E^,E^{D) f ^ 0, 
then by semicontinuity theorem, Hom(14, Vt(£)))*^ ^ {0} for t and consequently, 
Hom(yo,1^o(i?))V{0}. 

Now we seek to find a contradiction by choosing Vq (i-e. / in (1.40)) carefully. 
We first divide the set {xi, • • • into 2r subsets, say Ai, • • • , A2r, such that each 
contains either [d/2r\ or [d/2r] + 1 points. We write /j = f} ® ff according to (1.39). 
For Xi G A2A:-i, we define // to be the composition 

/i:7r*(L®'^)!^7r*(L®'^)|P,^i^7r*(L)|p^^, (1.41) 

where pr^ is the projection onto the k*^ component and define to be the composition 

ff : ^*(L®0^^*(^®0|P., '^V*(L)|p^^ ^C,„ 

where ev:7r*(L)|p^ — > Cp, is the evaluation map. (Here we agree prj._|_i = pri.) For 
i € A2fc, we define // as in (1.41) while we let ff to be 

(prr_i_2 = pr2.) We claim that when d is sufficiently large, the sheaf E C 7r*(L®'') that 
is the kernel of (Sf^^ifl © ff) has Hom(£;, E{D))^ = 0. Indeed, let 

Lk = L{- ^ Xi) 

ieA2fc-iUA2fc 
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be the hne bundle on S of degree between Iq — 2 and + 1 and let = 7r*Lfc. Then, 
E is a subsheaf of ©[=iL/j with cokernel ©^LiCp^- Let s € liom{E, E{D)). Then s 
induces a homomorphism 

(%-)rxr : ® Lh — ^ © IhiD) 

h=l h=l 

with Sij G H^{L^^ (g) Lj{D)). Since (g) is a pull back of line bundle on S that 
has degree —1, or 1, h^{L^^ (g) Lj{D)) is bounded by a constant Cq independent of 
d. On the other hand, by our construction of E, when i € A2fc-i, the composition 

© Lh > © -L/i > Lk+1 >(Lpi 

h=l h=l 

is trivial. Hence for j ^ k + 1, Sjk+i vanishes on pi for all i G A2k-i- Now we let 
A'' = 2r([C6] + 3) and assume d> N. Because pi are general and 

#(A2fe-i) > [d/2r] > Ce + 2 > h\Lj' ® L^+i) + 1, (1.42) 

Sjk+i must be for j 7^ A; + 1. 

It remains to show that s = ^tq • id for some go G H^{0{D)). Let gj G H^{0{D)) be 
sections so that Sjj = gj ■ id: Lj Lj{D). Let i G A2fc and let 

Viy^OG ker{{Lfc+i © Lk+2}\pi ^""-^^CpJ. 

Then because (s^) = diag{sii, • • • , s^r} is induced from s G Hom(£', E{D)), we must 
have 

(ev, ev) o (prfc+i © prfe+2) o is**)vi = 0. 

It is straight forward to check that this is equivalent to (^fc+i — 9k+2){Pi) = 0. Hence, 
because pi are general and #(A2fe) > hP{0{D)) + 1, we must have gk+i = gk+2- 
Therefore, H.om.(E, E{D))^ = 0. This completes the proof of theorem for m = 0. 

Now we use induction on m to establish the remaining cases. The strategy is as 
follows: We first fix a section E"*" C A of tt : A ^ S of positive self-intersection S. Let 

E G 2tg'j(D,lm) be any sheaf. We choose a quotient sheaf E\y,+ Le with Le a 

locally free sheaf of Cs+-™odules and define E = ker{i? Le}- E is locally free with 
Chern classes 

7' = det(E) = 7(-E+), ro = rankL; (1.43) 

d' = C2{E) =d + degLE + \ro{ro - 1)8 - ro(I-S+). (1.44) 

Moreover, E G 2lg;''j,(D + E+) for a constant e' independent of L and d. Hence 

by applying the induction hypothesis to ^^^f'j,{D + E+), we get an upper bound of 
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#mod{-^ I E G 2lg'j(D)}. Thus if we understand the correspondence E E well, we 

can translate the estimate of #uiod{E \ E e %'j{D)} to estimate of #mod%j{D). We 
now give the details of this argument. 

First, we choose eo > so that h^{T,, F) = holds for all semistable vector bundles 
F on S with rk(F) < and )u(F) > cq. Put ei = r(eo + S). There is a decomposition 
of 2lg'j(D, Im) according to whether the restriction of an element E G 2lg'j(D, 1^,) to 
5]+ is ei-stable or not. We denote these sets by W""*" and W~ respectively. Let Lq be a 
line bundle on S"*" such that if^+l-^^ Lq) generates -F^ (8) Lq for any ei-stable rank 
r vector bundle F on S"*" of degree /-S"*". Then for any E G , we let Le = Lq and 
fix a surjective homomorphism a:E ^ Le- In case F G W~ , we let 

= Fo C Fi C • • • C Ffc = F|s+ 

be the Hardar-Narasimhan filtration of E\y,+ - That is Fj+i/Fj are semistable and 
fi{Fi/Fi-i) > /x(Fj+i/Fj). We let iq be the largest integer so that 

M(F,„/Fi„_i) > ^(F,„+i/F,J + eo. 

Such io exists because F|s+ is not ei-stable and ei > reo- Then by our choice of eo, 

F|s+ ^ Me e Le, Me = Fi^ and Le = E\j^+/Fi^. 

We choose our quotient sheaf to be a : F ^ . Note that F^ is reo-stable and has 

degree < — / • S"*". 
r 

Now let F be the kernel of F Le- Then F is locally free whose first and second 
Chern classes are given in (1.43) and (1-44). It can easily be checked that F is e'-stable, 
e' = ei + r{H - S+), and HomA (F,F(F + S+))° 7^ {0}. Therefore, we have obtained 
a map 

: 2t;'j(iP, 1„) — U %f;,{D + S+), (1.45) 

d',I' 

where d' can be any integer and I' can possibly be /(— S+), • • • ,/(— (r — 1)S+). We 
wish to find an upper bound on 

#mod^'-'(2i;;5'P + ^^)) 

that is independent of {d',I'). We begin with an estimate of #mod*~^ (*!'(-£')) for any 
F G 2tg j(F, l^,)- Because F belongs to the exact sequence 

— ^F — ^F — ^L — ^0 (1.46) 
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{L = Le as before) for M = £'|s+/i, F\^+ fits into the exact sequence 

— > — y — > M — > 0. (1.47) 

On the other hand, elements of \E'~^(F) are parameterized by a subset of PExt^(L, F). 
Since F is locaUy free, 

dimExtX(^, F) = dimExtX(-F, L ® Ka) = diraH^+ {Hom{F, L) (g) K^) 

= dimifg+(L^ ® ^|E-(S+)) < h'^iV ®L) + h'^iV M(S+)). 

Here the last inequality follows from (1.47). Since L is reo-stable, h^\L'^ (^L) is bounded 
from above by a constant. In case E G , because -E'|s+ is ei-stable, /i°(L^(g)M(E"'")) 
is also bounded from above. Hence for some constant C3 depending only on ei, r and 
/, we have 

#mod*"'(*(^)) < C3, \iEeW+. (1.48) 
When h^{V^ (g) M(S+)) = because of our choice of eo. Thus 

hP{V' ® M(S+)) = x{L^ ® M(S+)) 

= - deg L • rk(M) + deg M • rk(L) + rk(M) • rk(L) (.5 + 1 - 5) . 

Combined with degL + degM = /-S"*", we get 

#mod^'-n^(^)) < -rdegL + C4 (1.49) 
for some constant C4 > independent of £^ € W~ . 

Now we use the induction hypothesis. Because rkL = tq < r, for any E G 
2tg'j(£), Im), either the generic fiber type of E is Im-ro or it is not of the form 
(af^'Sa^'^^). Hence, with /' = /(-roS+), 1 < ro < r and 

C5 = C + C4 + 2r2,5 + 2r|/ • 

we can use theorem 1.2 and the induction hypothesis to conclude that there is an iVi 
and a constant Ce so that when d' > Ni, we have 

#mod2t;;5'(^ + S+) < r?(r, d', I') - C5 (1.50) 
and when d' < Ni, we have 

#mod2i:;5'(^ + ^ Vir,d',l') + Ce. (1.51) 
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We claim that when 

d>N = Ni+rd + {2 + r)\I-'^+\ + C + C4 + Ce, (1.52) 

then 

#modW- <r]{r,dJ)-C. 

We break the estimate into two cases. In case d' = C2{E) > Ni, then by (1.49) and 
(1.50), 

#rnod^-'{K''j'{D + S+)) < {vir,d',r) - Cs) + (-rdegL + C4) 

= rj{r, d, I) - 2ro/ • S+ + {-rUr - 1) + ^ro(ro ~ I)) + r deg L - C5 + C4 

< r]{r, d, I) - C. 

The last inequality holds because degL < ^/ • S+. Now assume d' = C2{E) < Ni. 
Then 

#mod^-'(2lI;5.(^ + S+)) < {vir, d', I') +C<,) + {~r deg L + C4) 

< ri{r, d,I)+r deg L + 2r\I • S+ 1 + r^c^ + Ce + C4 < r?(r, d, /) - C. 

Here we have used the fact that deg L < — 2|/-S+| — r(5 — — C4 — C which follows from 
(1.44) (1.52) and d' < Ni. Now we consider E G W+ . Since #mod*"^(*(L^)) < C3 
from (1.48) and C2{E) = d + rj with a fixed integer independent of d, an argument 
similar to that of shows that there is an N' such that for d > N', we have 
#modW^~ < vif-id,!) — C. This establishes the theorem 1.1. □ 

2. Degeneration of moduli space 

We now recall briefly the construction of degeneration of moduli and refer the details 
of this construction to [GL] . We first fix a very ample line bundle H and a line bundle 
/ on X. Let C he a Zariski neighborhood of G Spec C[t]. By choosing a smooth 
divisor S G we can form a threefold Z over C by blowing up X x C along S x {0}. 
Clearly, = X, t and Zq consists of two smooth components X and a ruled 
surface A that intersect normally along T, Q X and S~ C A. For any line bundle 
/ on X and integers r and d, let DJVlf' be the moduli space of rank r /f-semistable 
sheaves over X ofdetE = I and C2{E) = d. Let M''/ x C* ^ C*, C = C \{0}, he 
the constant family over C*. The degeneration we construct will be a flat family ^)Jl^ 
(over C) extending the family DJl^'' x C* such that the closed points of the special fiber 
TXq = TX'^ Xc Spec C[0] are in one-one correspondence with the semistable sheaves on 
Zq that will be defined shortly 

We first introduce the notion of torsion free sheaves on surface Zq: 

26 



Definition 2.1. A sheaf E on Zq is said to be torsion free at z E Zq if whenever 
/ G Czo.z is a zero divisor of the O^n.^'^odules E^, then / is a zero divisor of the Oza,z- 
modules Ozo,z- The sheaf E is said to be torsion free if E is torsion free everywhere. 



Let E be any coherent sheaf on Zq. We denote by E^^'' (resp. E^^^) the torsion 
free part of E^x (resp. E^^). We define the rank of to be a pair of integers, 
r'k{E) = (rk(£?(^)),rk(£J'^^))). When r'k{E) = {r,r), we simply call E a rank r sheaf. 

Let e G (0, ^) be a rational number. We define a Q-ample divisor H(e) on Z as 
follows: Put px '■ Z ^ X he the projection and put 



H{e)=p*xH{-{l-e)A). 
Clearly, for integer no so that no • £ € 



is an ample divisor. In the sequel, we will constantly use the tensor power if(e)®"'. We 
agree without further mentioning that in such cases, n is always divisible by no. 

Let a = (oi, 02) be a pair of rational numbers: 

a, = {H{e)\x ■ H{e)^x)/{H ■ H), = (i^(e)|A • H{e)\^)/{H ■ H). 

Note that cti + a2 = 1. For any sheaf E on Zq with rk(£^) ^ (0, 0), we define to be 
the polynomial 

We remark that since XE(n) = ® /f®") jg well-defined for those n divisible by no 
and is a restriction of a polynomial in n, we can define xe to be that polynomial. Once 
we have the polynomial we can define the if(e)-stability (or iJ(e)-semistability) of 
E by mimicking the definition 0.3 word by word. 



Definition 2.2. A torsion free sheaf E on Zq is said to be H{e)-sish\e (resp. H(e)- 
semistable) if whenever F C E is a proper subsheaf, then pp <Pe (resp. <). 



We fix a line bundle 7 on X and an integer r > 2. We let x{'n) be the polynomial 
that depends on (r, d, 7, ff, X): 



X{n) = "^n^H . H) + n{{H ■ I) - ^{H ■ Kx)) + (r - l)x{Ox) + x{I) - d. (2.2) 
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X{-) is the Hilbert polynomial of a rank r sheaf of ci = I and C2 = d. We also fix a 
rational e G (0, ^) momentarily and the Q-ample line bundle H{e). For convenience, 
we will denote by £{n) the sheaf £ ® p*zH{£)®^ for any sheaf £ over Zg- (Here S is 
any scheme over C and Zs = Z Xc S.) 

We now construct the degeneration dJl'^ promised at the beginning of this section. 
Recall that the moduli space SOt^'^ was constructed as a GIT quotient of the Grothen- 
dieck's Quot-scheme. Here, we shall adopt the same approach to construct dJC^. We 
first fix a sufficiently large n and let p = x('t^)- Following A. Grothcndicck [Gr], we de- 
fine Quot^'^'^ to be the functor sending any scheme S of finite type over C to the set of 

all quotient sheaves E{n) of O®^ on Zs flat over S so that XE^i^) = + for any 
closed s E S. Quot^^'^'' is represented by a scheme Quot^y^ that is projective over 
C, called Grothendieck's Quot-scheme. Similarly, we have Grothendieck's Quot-scheme 
Quot^'*^" parameterizing all quotient sheaves C®'' — >■ E{n) on X with = x(- -I- n). 
Let l^x'^ C Quot^'^ be the subset of all if-scmistablc quotient sheaves E{n) obeying 
one further restriction: det E = I. U^"^ is locally closed. We define Quot^y*^ ^^^^ 

to be the closure of ^-^'^ x C* C Quot^y'^'^ endowed with the reduced scheme struc- 

ture and denote by (^uotz ic,h{£) the normalization of Quot^y^^^^^. Cl\iot2;ic,H{e) 
has the property that it is normal, projective and flat over C. Finally, we deflne 

. — . — X,0'',I,ss . — ~ X-C'.-f 

Quot^y^ C Quot^y^ j:^^^-, to be the subset of all closed points whose associated 
quotient sheaves are if(e)-semistable. 

. ■X,Of,I,ss 

Clearly, Quot2/c,H(£) depends on the choice of {r,d,n,I,H,e). In the sequel, r, 
/ and H will be fixed once and for all. Of course, d should be viewed as a variable. 
For technical reasons, the choice of e will depend on d. After this, we will choose 
n sufficiently large (the exact value of n is irrelevant to our discussion as long as it 
meets the requirement of [Gi, cor.l.3][GL, cor. 1.11]). If all of these are understood, 

. X,0'',I,ss 

then we will abbreviate Quot z/c,H{e) to W^'^. By abuse of notation, we will call £ the 
universal family of W^'^, where £{n) is the pullback of the universal quotient family on 
ZxcQuot|'/^^ 

Let SCc = SL{p,C) (8)c C be the special linear group scheme over C. Clearly, 
Quot^/^ is an <S>Cc-scheme. By our construction, this action lifts to W^'^. Further, 
we have 



Theorem 2.3. ([GL, thm 2.10, 2.11]) The good quotient fOT'^'^ = W^^^/jSCc exists. 
SDt'^'^ is normal, projective and flat over C. Further, for any closed t ^ 9Jlj'^ is 
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isomorphic to the normalization of the moduli scheme QJlJ 



To make use of this degeneration, we need to analyze the closed points of OJIq'"^. 
Since dJl^'^ is a GIT quotient oi Uq'^ , each point of dJtg'^ associates to an equivalent 
class of sheaves E{n) in U^'^ . In the following, we will find bounds on ci{E^^^), ci{E^'^^) 
and C2(-E(^)) that are independent of the choice of e and E{n) G Wq'^- First we study 
ci and ci(£;(2)). Following [GL, lem 1.6], there is a sheaf of OE-modules E^^^ (of 

rand ro) such that E belongs to the exact sequence 

— ^ E — ^ E^^^ e E^^^ — ^ — ^ 0, (2.3) 

where i:S ^ X. Because U'^''^ is flat over C, there are integers ai, 02 with 

ai+a2=ro — r (2.4) 

such that det^(i) = I{aiH), det E^^^ = IoiA{a2^~), where /q = P*xI\Zo [GL, §4]. 
Then since both E'^^^ and E^^^ are quotient sheaves of E, by the if(£)-stability of E, 
we have 

2iH.H) ' "^^-(^-"^ 2(g-g) 

Since is a very ample divisor on X, we may and will assume that r divides H ■ I and 

{H ■ H)>\S\Kx- H\ + IS\I ■ H\. (2.5) 

Therefore, r > oi > and > 02 > — r. 

The bound of C2(i?*-^-') is achieved by applying Bogomolov's argument which shows 
that when V is an if-stable vector bundle on X, then the restriction of y to a high 
degree hyperplane curve is semistable. We follow the argument in [GL, §4] and indicate 
the necessary changes needed in higher rank case. 

Lemma 2.4. (of. [GL, lem 4-3]) There is a constant ei independent of d and e such 
that the sheaf E'^^^ (on X) is e\-stable. 

Lemma 2.5. For any constant ei and integer r, there is a constant Ci such that 
whenever V is an ei-stable torsion free sheaf of rank < r, then 
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Proof. The lemma 2.4 is true bccaiise any quotient sheaf Q of E^^'' is also a quotient 
sheaf of E. Hence the degree of Q has to satisfy an inequality, which combined with 
(2.4) gives us the desired inequality. The details of the argument can be found in 
[GL, lemma4.3]. Now we prove lemma 2.5 following the suggestion of the referee. By 
Riemann-Roch, 

x{V,V)=x{E^f{V,V)) = -2r{c2{V) - ^-^ci{Vf) +r^x{Ox). 

Since V is ei-stable, by lemma 1.8, there is a constant Ci such that dimHom(y, y) 
and dimHom(£', E (g) Kx) are bounded from above by Ci. Hence 



Lemma 2.6. (cf. [GL, lem 4-4J) For any constant ci, there is a constant C2 such 
that whenever V is an ei-stahle, rank r vector bundle on X with deiV = I{aH), 
\a\ < r and that Q is an Oj^-modules that is a quotient sheaf of V|s, then we have 

X{Q)>-C2iV)+C2. 



Proof Let W be the kernel of V ^ Q. By Riemann-Roch, ci{W) =I + {a- c)[S] 
and 

C2{W) = C2{V) + xiQ) + \<Kx + cH)-H- c{I + aH)-H. 

Thus 

X(Q) > ~C2{V) + C2{W) - 2r'^H^. 

On the other hand, since V is ei-stable, W is (ei + l)-stable. So by lemma 2.5, there 
is a constant Ci so that C2{W) > Ci. This completes the proof of lemma 2.6. □ 



Proposition 2.7. There is a constant C3 independent of e and d such that for any 

,d,£ 

C2{E^^^) <d + Ci. 



E{n) e Uo'^ 



Proof. By (2.3), we have 

Xew(-) = XEi-) + (Xb(o)(-) - Xb(i)(-))- 



Hence the proposition follows if we can show that the constant term of Xe(o) {•)—XeW {') 
is bounded from below but this follows from lemma 2.6. The details of the proof is 
given in [GL, prop 4.6]. □ 
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Our next goal is to construct Donaldson's line bundle L on 9Jt and to establish 
the following key property of L: Whenever Wq C 9Jtg'^ is a dimension c subvariety such 
that \Lf{WQ)>^, then 

#^od{^(') I E{n) e Wo} = c. (2.7) 

We first sketch the construction of L. The full account of this construction appeared 
in [GL,§5]. For any integer /i > 1, let C Z be a smooth divisor such that t^:D^ C 
is smooth, that = Tr~'^{t) G \hH\ for i 7^ and that C A \ S. We call such D'^ 
good divisors in \hHc{—hA)\, where He = P*xH. Since H is very ample, the set of 
good divisors in \hHc{—hK)\ is base point free. Associated to each we can find an 
etale covering C — > C such that on = XqC there is a line bundle 9^ satisfying 
0h-^!S)2r _ j^(S)r (g)p=^/®(~2) fg,, dosed V £ C , whcrc Kj:,h is the canonical divisor of 
-D^. We remark that such 6^ exists because [D^] ■ I = H ■ I is divisible by r. 

We first construct a line bundle on U^'^ = W^'^ Xc-C as follows: Let £{n) be the 

universal quotient family on ZxcW^'^- Since £^ is a family of torsion free sheaves flat 
over W^'^, £ admits length two locally free resolution near D^. Thus the restriction of 
£ to Xc W^'^ (denoted by £\Dh) has a length two locally free resolution also (see 
[Lll). Let pi2 (resp. ^13; resp. P23) be the projection from D^XcU^^ to Z)^ (resp. to 
D^XcU''-'^; resp. toU^^). Note that ;j23 is smooth. Hence 

R-p23M3i£\D^)'^Pl20'') (2.8) 

is a perfect complex on [KM]. Following [KM], we can define a determinant line 
bundle 

det{Rp23*{Pr3i£\D^)^Pl20'')) (2.9) 

on whose inverse we call Cu{D^)- If we choose another good divisor D^' G 
\hHc{—h/S^)\ and form the corresponding line bundle Cii{D^') on Z^/^f , then since 
the set of good divisors in \hHc{—hI^)\ is an irreducible set, for any v £ C and 
v' G C' which lie over the same closed point t e C, the line bundles Cu{D^)\U!^'^ and 
Cu{D^')\U^f are algebraic equivalent. 

Remark. Indeed, more is true. There is a single line bundle Cu{h) on W^'^ such that 
the line bundles CuiD^) on U'^' are pullback of Cu{h) via W^/ W^''. 

Our next task is to show that under favorable conditions, these line bundles descend 
to line bundles on DJt'*'^. We need the following result of Kempf: 
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Lemma 2.8. (Descent lemma) [DN, thm 2.3] Let C he an SCc line bundle on W^'^ . 
C descends to OJt^''' if and only if for every closed point w € W^'^ with closed orbit 
SCc ■ {^}; the stabilizer stab{w) C SCc of w acts trivially on C^ = C(Si k{w). 



We have 



Proposition 2.9. There is a function n:'L'^ — > (0, ^) of which the following hold: For 
any d, there is a large h such that when e G (0, K,{d)) n Q and G \hHc{—hl^)\ is 
a good divisor, then the line bundle CuiD^) (on U^^ ) descends to a line bundle on 
= ajt'^'^xcC'. We denote the descent by C^{D^). 

Proof. It is straightforward to check that w = E{n) G U^^ (over t E C) has closed 
orbit if and only if E splits into direct sum of stable sheaves Fi • • • , F^. Then following 
[LI, p426], the stabilizer stab(t/;) acts trivially on Cu{D^)yj if and only if 



rk(Fi) ' ' ' rk(Ffe) 
These identities follow if we can prove 



Proposition 2.10. There is a function kiZ"*" (0, |) and a constant N of which the 
following hold: Given do, there is an h > 1 such that for any e G (0, K{do)), whenever 
d < do and that £{n) G W^'^ is an H{e) -semistable sheaves overt G C , then for generic 
good divisor G \hHc{—hl^)\, E^^h is semistable. 



Completion of the proof of proposition 2.9: Assume E = Fi®- ■ ■®Fk. By proposition 
2.10, there is a good divisor D'^ G \hHc{—h/!i^)\ such that E]^]^ih is semistable. Then 
the value Mp.\ Ci{Fi) ■ = ^^fr\Cl{Fi) ■ D'^ are identical for all i. □ 



Proposition 2.10 will be proved shortly. 



Remark. Let t 7^ G C be any closed point. Then the line bundle Cu{D^)t on U^ 
descends regardless of the choice of d and e [LI, p426]. In particular, CM{D^)t always 
exists on 9Jl^'^. 



Now we explain how to construct global sections of CM{F>'^)f"^ on Tl^'^, v E C. 
All we need to know about the line bundle Cm{F>^) is how to calculate its intersection 
numbers on various subvariety of DJt'*'^. So in the following, we will not distinguish 
between the line bundles Cm{D^)v and Cm{D^)v' (resp. Cu{D^)y and Cu{D^)yr) 
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when V and v' G C He over the same closed point t G C. By abuse of notation, we will 
denote either of them by jC,M{D'^)t (resp. Cu{D^)t)- 

For any good e \hHc{-h/^)\ and any closed t G C, let Uf'^[D^\ C uf'^ be the 
open set of all s G uf''^ such that £s\£ih is semistable. In the following, we abbreviate 
D = D^. By restricting E{n) G Uf''^[D] to we obtain a morphism 

$D : llt''[D] — > Tl'^'^iD), (2.10) 
where 2Jt'"'^(D) is the moduli scheme of rank r semistable vector bundles V on D with 
dety = PxI\D- If we view DJt^'^ {D) as an SL{p,C) scheme with trivial group action, 
the morphism $0 is SL(p,C) equivalent. 

Proposition 2.11 [Donaldson]. There is an ample line bundle Co on W^'^ {D) so 
that its pull back under is canonically isomorphic to the restriction to U^''^[D] of 
Cu- Further, this isomorphism is SL{p,C) equivariant. 

Proof. For the details of the proof, the readers are advised to look at [L2, p31]. 
Though the author only treated the case r = 2 in the proof, the proof of higher rank 
case is similar. □ 

Now let m be a large positive integer. Since the isomorphism 

ni^D)=Cu\^^.^^^ (2.11) 

is S'L(p)-equivalent, for any ^ G (pJV'^ (D) , CfT) , ^hiO is an 5L(p)-invariant sec- 
tion ofCuiD)^^ on Uf''[D]. 

Lemma 2.12. Let D'' g \hHc{-hA)\ be any good divisor and for any t G C with 
D = D^, let ^ G H°(mr'^{D),Cfr) be any section. Then the pullback section $J,(C) 
(onVlf'^[D]) extends canonically overUf'^ to an SL{p,C) -invariant section. We shall 
denote this extension (and its descent to 9Jl^'^ if no confusion is possible) by $^(^)ex- 

Furthermore, 

K{0:.\0) = {Ut'' \Ut^'[D]) U {F{n) G Ut^'[D] \ ^F^n) = O}. (2.12) 

Proof. In case U^'^ is normal, we can apply [GL, lemma 5.6] [GL, prop. 5.7] and [L2, 
lemma 4.10] to our situation. In general, we need to use GIT to prove this lemma [LI, 
p435]. □ 

In the following, we seek to estimate the self-intersection numbers of Cm.{D^) on 
subvarieties W C 9Jtj and to relate the non- vanishing of such numbers to the estimate 
of the numbers (2.7). Our immediate goal is to prove the 
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Proposition 2.13. Let t G C be any closed point and let Wt C SUl^''^ be an 
irreducible variety of dimension c, then for sufficiently large h and for any good G 
\hHc{-hi^)\, 

[C^{D^)nWt) > 0. (2.13) 

Further, if we assume that the general points of Wt are locally free H -^-stable sheaves, 
then the strict inequality holds. 

Proof. To prove (2.13), it suffices to find divisors Di,--- ,Dc G \hH\ and sections 
ipi, - ■ ■ ,ifc CM{D^)t sucli that n?_]^</?^^(0) is a finite set. But this is obvious because 
for sufficiently large h, the restriction of each E G 971^''^ to general D C \hH\ is 
semistable [prop 2.10]. Now we prove the second part of the proposition. Let h be 
large so that for any locally free E G ^mf^ H^{£nd^{E){-hH)) = 0. Then for any 
D G \hH\ and any locally free stable Ei, E2 G Wt, Ei^d = i?2|D implies Ei = E2. 
We can also assume that the restriction of any E G Tl^'^ to a general D G \hH\ is 
semistable. 

Choose D G \hH\ so that Ut^[D] n Wt is non-empty. Then because the line bundle 
Cd is ample on 9Jr'^(D) and because 

■■ Tl^''[D] nWt — > m'''\D) 

{Tlt 'lD] is the image ofU^ '^[D] under the projection) is generically one to one, there 
is a section ^ G H^{Tl^-\D),jCf)"^), m large, such that the extension of the puUback 
section $|j(^)ea; (over SJt^''^) is non-trivial over Wt and 

dim($^(Oe-x (0) n Wt) = diinWt - 1. 

Since being locally free and stable are open conditions, we can assume that general 
points of at least one irreducible component of '&£)(Oex^(0) ^ are still locally free 
and if-//-stable. Therefore, we can use induction on dim Wt to conclude that for any 
irreducible component Wl of ^'o(Orx^(0) n Wt, [Cm{D^)Y~^{WI) > and for at least 
one of these component, this number is positive. Therefore, the strict inequality (2.13) 
holds. □ 

The converse to the proposition is that if a set Wt C DJt^ ' with dim Wt = c has the 
property that 

[C^iD'^mWt) > 0, 

then #mod(W^) > c. But this is a tautology since DJl^'^ is the normalization of the 
moduli scheme. What we need is a similar result in i = 0. We will prove 

34 



Proposition 2.14. Let Wo C Mq'" be any (com,plete) subvariety of dimension c. 
Assume for some large h (given by proposition 2.10) and good € \hHc{—h^)\ we 
have 

[Cm{D^)Y{Wo) > 0, 
then #mod{^('^ I E{n) G Wo} = c. 

Proof. We prove it by contradiction. Assume i^mod{E^^^ \ E{n) G Wo} < c. Then 
{^(2) I E{n) G Wo} can be parameterized by finite irreducible varieties of dimension 
at most c — 1. Let them be iSi, • • • ,Sk and let i^i, • • • ,£k be the corresponding families. 
Thanks to proposition 2.10, there is a large h such that for any F G {E'^^-' | E{n) G Wo}, 
is semistable for generic G \hHc{—h/S^)\. We fix such an h. We choose a 

D'' G \hHc{-h/\)\ so that Si ij^h are semistable for some closed G 5^, z = 1, • • • ,k. 
Since C^^h is ample, we can further choose ^ G H^{dyU''^{DQ),Cf^), m > 1, so that 

^i£i,s^\D^) 7^ for all i. 

Let ^*j^H{Oex be the extension of the pullback of ^ in //"(9J^o'^ /:m(£>'')o Put 
Wo = Won (0)- By our construction, dimV^o < dim - 1 and 

#^od{^^'^ I E{n) G W^} < max {dimSi - 1} < #„.od{£^^') I E{n) G Wq} - 1. 

i=l,--- ,k 

Finally, because [^m """^(W,^) = m[CM{D^)o]%Wo) > 0. By the induction hy- 
pothesis, we have #mod{-K^^^ I E{n) G Wq} > c — 1. Therefore, 

#^od{^^'^ I E{n) G Wo} > #„,od{E^'^ I E{n) G W^} + 1 > c. 
The proposition follows because #m.od{E^'^^ \ E{n) G Wo} < dimWo = c. □ 

In the remainder of this section, we will give the proof of proposition 2.10 that is 

parallel to the treatment for the rank two situation given in [GL, 5.13]. Let E{n) G Uf''^ 
be any if(e)-semistable sheaf over t G C. When t ^ 0, then E is an i^-semistable sheaf 
over X and [MR] tells us that for large h and generic D G \hH\, E\ij is semistable. In 
case t = 0, namely when E is an i7(e)-semistable sheaf on Zq, the situation is quite 
tricky because Zo is reducible and the divisorial ray ]R-[L'q] is different from ]R-i^(e)|A. 
However, it is essential that M-[L'q] and M-if(£)|A become very close when e becomes 
small. Before going into the details of the proof, let us state the following stability 
criterion of E^"^^ . 

Lemma 2.15. There is a constant 62 such that for any d, e and any E{n) G Wo , 
is ee2-stable with respect to H{£)\^. 



Proof See [GL, 5.14]. □ 
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Proof of proposition 2.10: Let V be the double dual olE^'^\ By (2.4) and proposition 
2.7, dety = /o(fl2S~), — r < 02 < and C2{V) < C2{E) + C3, where C3 is a constant 
independent of E and d. Since /q • S~ is divisible by r, by tensoring 1/ with some line 
bundle, we can assume ci(V) ~ 02 Note that C2{V) is still bounded by do + C's 
possibly with a new constant C^. Clearly, the proposition will be established if we can 
show that there is an Eq and an integer h such that whenever e < £0 and V is e2£-stable 
with respect to H{e)\/^ as before, then for generic D G l/iS"*"!, V|£) is semistable. 

The argument we adopt is a direct generalization of Bogomolov's theorem showing 
that the restriction of any //-stable rank two vector bundle E to any smooth hyperplane 
section of degree > 2c2{E) + 1 is stable. We prove it by contradiction. Assume 
otherwise. Then there is a rank s (1 < s < r — 1) quotient vector bundle Q of V|£) such 
that = ij,{V\d) > /"(Q)- Let W be the kernel ofV^Q. Then W is a. locally free 
sheaf on A with ci{W) ~ 03 [S"] - and 

C2iW) = C2(V) + ^s{s - l)h^H^ + degQ < C2(F) + ^3(3 - l)h^H^. 

Thus a simple calculation gives us 

2rc2iW) - (r - l)ci{Wf < 2rc2(F) - (s(r - 3)h^ - (r - l)al)H^. (2.14) 

Because C2(V) < do + C3, when /i^ > H ^0 ^3 ^j^^ right hand side of (2.14) 

r — 1 ii ^ 

is negative. Therefore, the Bogomolov's inequality shows that W is unstable. Let 

= Wo cWi C ■■■ cWn = W (2.15) 

be the Hardar-Narasimhan filtration of W such that the sheaves Fi = Wi/Wi^i are /Lt- 
semistable and n{Fi) > /x(Fj_|_i). Let rj = rk(Fj) and let Fj be the Q-divisor supported 
on fibers of A ^ E such that 

ci{Fi)^ri{bii:- + ri). 

We let Cj = Fj • Then fej and Cj satisfy the following inequalities: 

(62 + — )£ > £61 + (1 - £)ci > • • • > £6„ + (1 - £)C„. (2.16) 

r 

The first inequality holds because is e2£-stable and the remainder inequalities 
come from /Lt(Fj) > /x(Fj+i). On the other hand, we have Y17=i ci(-fi) = ci{W). So 

n n 

r-jfti = 02 - s/i, ^ TjCj = -s/t. (2-17) 

i=i i=i 
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Finally, we calculate 



i<j i=l 



^ i=l i=l ^ i=\ * 

= - ai)JT^ + E - 2^^^^)^'- (2-18) 

Here we have used Bogomolov's inequalities 2rjC2(-Fi) — (r^ — l)ci(Fj)^ > 0. Combining 
(2.18) with ci{W) < C2{V), we have 

{s'h' - al) + Y.{n{h - c^f - ncf) < (2.19) 

i=l 

In the following, we will argue that there are h and Eq so that whenever < e < eo; then 
the only tuples {bi, ci) that satisfy (2.16)-(2.19) must have q = for i = 1, • • • , n — 1. 
First of all, let A be the set of indices i so that Cj > 0. Then for those ^ G A, Cj > 1/rH'^ 
and by (2.16), for small e, we have 

bi-Ci< (62 + — ) + -i-Ci) < ^i-Ci). (2.20) 
re le 

Thus 

E (-^(^^ - - -^-?) > E - 1) - E -^-l 

On the other hand, since ^i^f^TiCr = —{sh + YlieAfi^^i) Cj < for i A, 
X^i^A ''i'^i bounded from above by (sh + J2ieA ^i^i)^ which in turns is no more than 
2s^/i^ + 2(X]jgA?^iCi)^. Combined with (2.19), we must have 

E -^(4^ - l)c? - (2.^/.^ + 2Q2 nc^f) + (-^^' - 4) < (2.21) 
ieA ieA 

(2.21) is impossible if we assume 

^ > r2(r2/t2 + r^) • J^^ + 2r{do + C3) + 4. (2.22) 

Thus under the assumption (2.22), we must have Cj < for all i. 
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It remains to show that we can choose h large enough so that ci = • • • = c„_i = 0. 
Suppose there are Cj^ < Cj^ < 0. Then Ylij^io ''"i^^i — — Vi^^Ci^. Again since Cj < 0, 
we have 



J] ^icj = n^c^ + ric\ < ri^c\ + {sh + Vi^a 

i=l ii^io 



■to J ■ 



Therefore, from (2.19), we have 

2(do + C'a) ^ / 2 7,2 2\ I \2 sr^ 2 
>{sh - + 2^ri{bi - a) - l^nCi 

i=l i=l 

> (s'^h^ - 4) - {{sh + ri,Ci,f + n^cl) (2.23) 

> is^h^ - al) - [{sh - + i^r) = ^-{al + ^). 

Clearly (2.23) is impossible if we choose 

h>2r{do + C3 + r^H^) + 5. (2.24) 

Now, we can choose h large according to (2.24) and then choose £0 small so that 
£0 < l/2r and (2.22) holds with e replaced by Eq. Thus by our previous argument, if 
is not semistablc, then in the filtration (2.15), all but one c\{Wi/Wi-i) ■ = 0. 
We claim that ci{Wn/Wn-i) ■ [S"*"] 7^ 0. Indeed, assume cj 7^ 0, j < n. Then 
Cj = —sh/vj and then by (2.19), 

(E -^^0 + - + (1 - ^)-'^' - «i ^ ^^^5^. (2.25) 



Thus \bi\ < 2\fd^^^r^l\/iP for i ^ j and \bj - Cj\ < 2V^^T^/V^P. In particular, 
we will have 

This contradicts to n{Fj) > /u(F„). Thus we have proved the claim. 

The next step is to reconstruct V from the filtration {Wj}. We first construct a 

filtration of V out of the filtration {Wi} by letting Vi ^ Wi be the subsheaf of V so 
that V/Vi is torsion free and rk(W^j) = Tk{Vi). We claim that Wi = Vi for alH < n — 1. 
Indeed, let Vi be the first among which Vi Wi. Since = l¥j on A \ L>, we must 
have 

ci{Vi) = c-,{Wi) + a[D], a>l. 
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On the other hand, Ci(Wj) = {^2]=! ^j^jOP ] ^ 2 V do + Cs/V H"^ because of 

(2.25). Thus 

= 7k^((E-.^.-) + «^)^' > ^(^) + ^kM^^^^' 

which violates the e2£-stabiUty of V. Therefore, Vi = Wi for alH < n — 1. In particular, 
the filtration 

= c c • • • c K = y 

has the property that for i < n— 1, Vi/Vi-i are /i-semistable and ci(Vi/Vi_i) ~ ribi['E,~]. 
Let Fi = Vi/Vi-i. We intend to use induction on the rank r to complete the proof of 
the proposition. In order to do this, we need to show that is //-semistable and 

C2{Vi/Vi.i) - ^-=^Q(yi/Fi_i)2 < do + Ca (2.26) 

for all i < n. We show F„ is //-semistable by showing that r„ = 1. Indeed, a combina- 
tion of (2.25) (with j = n) and (2.24) guarantees r„ = 1. Thus F„ is stable. Next, we 
have 

C2{V) - '-^c,{Vf = j2c2{F,)+Y.^,{F,).c,{F,) + (-1 + ^)(X:ci(F,))' 

z=l * ' i=l 

Because each C2{Fi) — ^|^ci(Fj)^ is non-negative, (2.26) must be true. Therefore, 
we can apply the induction argument to Vi/Vi-i to conclude that we can find large h 
and small eo so that for any e < So, we must have {Vi/Vi-i)\D semistable for generic 
D G Since deg{Vi/Vi-i)\D = 0, V\d must be semistable also. This completes 

the proof of proposition 2.10. □ 

3. Main theorems 

In this section, we will prove our main theorems. We will show that when the second 
Chern class d is large enough, then the moduli scheme ^SV^f (= TVjf{I, H)) is smooth 
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at a dense open subset. We shall further show that 9Jt^ is normal and for any constant 
C, there is an N depending on (X, /, H, r, C) such that whenever d> N, then 

codim(Sing9[nj'^,9[nj'^) > C. 

Finally, we will investigate the dependence of the moduli scheme if) on the 

polarization H. In case r = 2, Qin's work [Qi] shows that for any two polarizations Hi 
and H2, the corresponding moduli spaces iii) and SUlJ''(J, i?2) are birational 

when d is sufficiently large. Here, we shall demonstrate that the similar phenomena also 
occurs in high rank cases. But first, we shall continue our discussion of the degeneration 
to finish the proof our main technical theorem 0.1. 

For the moment, we shall keep the notation developed in §2. For any divisor D C. X, 
we define 5^'^ be the set of all e-stable (with respect to the fixed H) rank r sheaves E 
of detE' = I and C2{E) = d and define 

S:j{D) = {Ee S:j I noME,E{D)f ^ {0}}. 

Similarly, we define Vj'j and Vg'j(-C)) to be the subsets of locally free sheaves in iSj'j 

and respectively. For technical reasons, we will first attack the set V^'j(-D) 

which is the set of /Lt-stable locally free sheaves E with the mentioned constraint on c\ , 
C2 and hp. Namely, V];j{D) = Vl'j{D). We shall prove 

Theorem 3.1. For any choice ofr,I and D, and any constant Ci, there is a constant 
N such that whenever d> N , we have 

#modV;j{D)<Vxir,d,I)-Ci. 

Proof. Clearly, V^'j(D) is a subset of DJTjf. Since being locally free and ^u-stable 
are open conditions and having non-vanishing }iom(E, E{D))'^ is a closed condition, 
V^'j(-D) is a locally closed subset of Tf-^'^. Let A C dJV^^ be the closure of any irre- 
ducible component of V^'j(-D). 

In the following, we seek to utilize the degeneration dJl"^'^ — > C (of the normalization 
of fUt^f'^) constructed in theorem 2.3. When t ^ 0, OJt^''' is just the normalization of 
dJVjf. For such t, we let Wt C 9Jt^''^ be the preimage of A C TVjf. Uj^oM^t is a constant 
family over C*. We then let W be the closure of UtjtoWt in SDT'''^ and let Wq be the 
special fiber of W over G C. 

Here is our strategy: Take a large h and a good D'^ G \hHc{—hA)\. By proposition 
2.13, for any t 7^ and c = dimWt, the top self-intersection number [>C^h]'^(Wt) > 0. 
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Then since W is flat and proper over C, [C]jhY{Wo) > 0. Therefore, according to 
proposition 2.14, 

#^od{E^^^\EGWo} = c. (3.1) 

On the other hand, since every E G Wt, t 0, has non-vanishing ilom.{E, E{D))^ , the 
upper-semicontinuity theorem tells us that there is a divisor D' C A (we can make it 
being independent of the choice of Wo) such that for any E G Wo, 

HomA(£;(^),£;(2)(L)'))0^{0}. (3.2) 

Thus, by applying theorem 1.1, we get an upper bound of (3.1) and hence an upper 
bound of c. We now fill in the details of this approach. 

To establish (3.2) for some D' C A, we argue as follows: First of all, let E G Wq be 
any point. Since W is flat over C, there is a smooth afflne curve S over C and a flat 
family of torsion free sheaves Es on Zs = Z XgS such that for any closed ,s E S over 
t 7^ G C, E's G Wt and further, there is a closed sq G S over G C so that Eg^ = E. 
For any integer A;, we consider the divisor Dc — kA on Z, where Dc = p^{D), 
and the pullback divisor (of Dc — A; A) on Zs which we denote by Dk. Clearly, the 
restriction of ® A(so) to X C Zq is D — kH. Now consider the vector space 
'Romzs{Es,Es{Dk))'^. By assumption, for general s E S, Romz^iEg, Es{Dk))^ ^ 0. 
Thus RomzsiEs,EsiDk)) ^ {0}. Let w G BomzgiEs, Es{Dk))° be a non-trivial 
section and let ^ be the uniformizing parameter of S* at sq. Then because Eg is flat 
over S, there is an n > such that the restriction of w/^^ to Zs^ gives rise to a 
non-trivial homomorphism (p:Es„ Es„{Dk)- 

Next, because E^^^ is a quotient sheaf of E, (p induces a homomorphism E — > 
E^^\Dk) and further because E^^^ is torsion free, it comes from (^1 ^ E^^\Dk). 
Similarly, we have Lp2 '-E^"^^ E^'^\Dk). Because E is torsion free, at least one Lpi is 
non-trivial. Now we claim that we can choose a k (independent of d and e) so that 
Lpi is always trivial. Indeed, we flrst choose k so that H ■ {D — kH) < 0. Then since 
det ipi G H^{Ox{rD-rkH)) = {0}, det tpi is trivial. If we let A c E^^"> be the kernel of 
ifi, then E'^^) /A is torsion free and further, there is a making the following diagram 
commutative 



A y y E^^)/A y 0. 



(3.3) 



E^'){Dk) E^^\Dk) 

On the other hand, by lemma 2.4, there is a constant ei independent of d and e such 
that is ei-stable. Thus if (pi ^ 0, then < x^E^^^A) < rk(£;(^)) and E'^^'^/A is 
both a subsheaf of E^^\Dk) and a quotient sheaf of E^^\ Therefore, 
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A straightforward calculation shows that this is impossible if we let 



k> ^{D-H + 2VlP-ei). (3.4) 

Hence (pi must be trivial. 

Prom now on, we fix such a k. Then our previous argument shows that all V G 
= {^(2) ^ E eWo} have non-vanishing }iom^{V,V{Dk))'^. As we explained, our 
intention is to apply theorem 1.1 to the set to get the bound: 

#mode <vx{r,d,I)-Cu d » 0. (3.5) 

First of all, all F G O are e2-stable by lemma 2.15 and have detV = I2, h & ^ = 
{/o(— rS~), • • • , Jo}- Next, for each I2 G A, there is an soih) > specified by theorem 
1.1. We let £0 = inin/2eA{£o(-^2)}- Then for any e smaller than the eo, the ample 
divisor i^(e)|A on A satisfies the condition of theorem 1.1. In order to apply theorem 
1.1, we need to know that the general element of is locally free, which certainly is 
quite delicate in general. The solution we propose is to use the double dual operation 
to relate any sheaf F G to its double dual J^{F) = F^^ . F^^ is always locally 
free because A is a smooth surface. Assume ^2 = C2i^{F)), then ^2 < C2{F) and the 
equality holds if and only if F is locally free. Following the notation introduced at the 
beginning of §1, we have 

^:0— U <I.(^.|a). 

d2eZ;72eA 

(We use 21; to denote sets related to A and use V.' to denote sets related to X.) Here 

we have used the fact that Hom(F, F(Z?fc|A))° / implies Hom(FV, F^(L»fc|A))° 7^ 0. 
Next, we divide into subsets 0^^ according to the value of the second Chern class of 
F G 0. Then, = Li&di ■ We have the following estimate which will be proved shortly. 

Lemma 3.2. For any V G #mod(^-'(V) n 0^,) < (r + l)(di - ^2)- 

Now we are ready to complete the proof of the theorem. First of all, by applying 
theorem 1.1 to the set ^ifj^iD^^^), we know that for any constant C2, there is an N2 
such that whenever d2> N2, we have 

#mod%tWk\A) < VAir, d2,h) -C2, he A. (3.6) 
To control the left hand side of (3.6) for small d2, we invoke theorem 1.5 to get 



#mod%th ^ (r, d2,l2) + C3, h & A 
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(3.7) 



where C3 is a constant. Another estimate we need was estabUshed in proposition 2.7, 

C2{F)<d + C4, VFG0. (3.8) 

The proof of (3.5) then goes as follows: For any constant Ci, we let C2 be such that 

C2>C + VAir,C4,l2)-Vx{r,0,I), V/s e A (3.9) 

and let N2 be the constant that makes (3.6) hold. We then let N be so that 

{r+l){N-N2)+VA{r,N2,l2) + C3<vx{r,N,I)-Ci. (3.10) 

We claim that when d > N and e < Eq, then (3.5) holds. Indeed, let di < d + C4 he 
any integer. Then for d2 < N2, by (3.7) and (3.10), 

< (r + l)(di - d2) + #mod l^TiQdjriKtl (DklA) 

< {r + l)idi-d2) + VAir,d2,l2) + C3<r]xir,d,I)-C^. 
Assume d2 > N2. By (3.6) and (3.9), we have 

#mod(ed, f]j'-\%'XiDklA))'j < #mo<i%t%{DklA) + (r + l)(di - da) 

< VA{r, d2,l2) - C2 + (r + l)(di - d2) < rix{r, d, I) - C^. 

Thus we have established (3.5). 

To finish the proof of the theorem, it suffices to show that #mod0 = #modW^t- 
For this, we will use the Donaldson's line bundle C^h. First of all, for any d, we 
choose £ < mm{eo, K^d)). (K^d) was specified in proposition 2.10.) We then apply 
proposition 2.13 to the set Wt, t ^ 0. Proposition 2.13 asserts that with c = dimVF^, 
[>C£)'>]''(^t) > 0- Since W is flat and proper over C, we have 

[jo-D^nwo) = [CDHnwt) > 0. 

In particular, proposition 2.14 tells us that then 

#mod{E^^^ \EeWo} = c. 

Therefore, combined with inequality (3.5), we have that for d> N, 

dim{E G VJr/ I Homx(^,^(i^))° 7^ 0} < Vx{r,d,I) - C. 
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This completes the proof of theorem 3.1. □ 



Before we go any further, let us finish the proof of lemma 3.2. 

Proof of lemma 3.2: The situation when r = 2 was proved in [LI, p461]. In general, 
let E be any rank r torsion free sheaf and let V = J~{E). Then E is uniquely determined 
by the quotient sheaf V V/ E, where V/ E is supported on a discrete set and of length 
ilv/E) = C2{E) - C2{V). Therefore, T-'^{V) n {sheaves of C2 = C2{V) + c} is exactly 
the set of all quotient sheaves V A such that A is supported on a discrete set and 
ii^A) = c. Let Quoty be the Grothendieck's Quot-scheme of all quotient sheaves A 
of V with £{A) = c. Quoty is projective by [Gr, pl3]. Observe also that when A is 
supported on c distinct points, then by [Gr, p21], 

dimTAQuoty = (r + l)c. (3.11) 

Thus the lemma will be established if we can show that for any quotient sheaf Aq G 
Quoty, there is a deformation At of Aq such that for generic t, At supports on c 
distinct points [LI, p461]. In the following, we will demonstrate how to construct such 
a deformation. 

Clearly, this is a local problem. Let U he a classical neighborhood of G with 
coordinate z = {zi,Z2). Assume is a quotient sheaf of O®'^ of length c supported at 
the origin 0. Let E = kerjO®'' Aq}. Along the lines of the argument given in [LI, 
p462], we can show that there are /i, • • • , /„ G O®'' such that {fi}i'=r+i divisible 
by zi and {/i}" generate the submodule E. 

Next, we define 

f fi(z), 1< r < r; 

f^(z,t) = I ^ - - ' (3.12) 

\ (zi -t)^, r + 1 <i<n. ^ ' 

We then define a submodule Ed C O^xi?' where D is a small disk with parameter 

by 

ED = {fi{z,t),--- Jn{z,t))-Ou^D(lO®l^. (3.13) 

Let Af) = O^I^^/Ed. Ed and Ad can be viewed as families of sheaves parameterized 
by D. It is easy to see that when Ed <8) k{0) is torsion free, then Ad <8) A;(0) = Aq and 

for t small, Ad is a (flat) deformation of Ao. Now we check that Ed (E) k{0) is torsion 
free. Suppose there are h G Ed and / G Ou such that f ■ h = th' for some h' G Ed- 
Let 

n 

h = ^gi{z,t) ■ fi{z,t). 

i=l 
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Then the fact that f{z) ■ h = Omod(t) in C®;^, and that fi{z)/{zi),--- Jr{z)/{zi) 
generate a rank r Ou^/(zi)-module impUes 

zi\gi{z,Q), i = l,---,r; (3.14) 

•/.(.)+ E 9.{z,0).l^^0. (3.15) 
1 1 11 1 

1=1 i=r+l 

Further, if we write gi{z,t) = ai{z) +tj3i{z,t), the foUowing identities hold in C^xd- 

r 

h = E(«i(^)/i(^) +iA(^,t)/z(^)) 
1=1 

+ E {ai{z){z^-t)^+m{z,t)iz^-t)^) 

i=r+l 

= (.,-«)(E^/.w+ t 

1=1 %=r+l 

+ tfj2{^+Hz,t))Mz)+ E P^iz,t)iZl-t)^) 
t=l i=r=l 

= th", 



where h" obviously belongs to Ed. Since Ed is a submodule of 0®xi3' ^ must be 
equal to th" in Eo- Therefore, / • /t|t=o = implies /t|t=o = in Ed <8) A;(0) or that 
Fd 'Si k{0) is torsion free. 

In general, At is not supported on c distinct points. But at least we expect that 
Af is simpler than Aq, say supp(^t) has at least two distinct points. In the following, 
we will show that this is indeed the case. Without loss of generality, we can assume 
that fi{z) all vanish at the origin. (Since otherwise, Aq is essentially a quotient sheaf 
of 0®('^-^)and we can use induction on r to take care this situation.) For small t, the 
equation 

/l(t,Z2) A--- A/,(t,Z2) =0 

has solutions, say Z2 = Wt, because /i(0)A- • •A/j.(0) = and /i(0, 2:2) A- • •A/j.(0, Z2} 7^ 
for generic Z2- Note that {t,Wt) G Supp(At). If Supp(At) is a single point, then 
fr+i{z)/zi,- ■ ■ fn{z)/zi must generate O®'^ at the origin. Thus by discarding some 
extra terms, we will have n = 2r and further, by eliminating terms in /i, • • • , fr that 
involves zi by using combination of fr+i • • • , we can assume Z2\fi{z), • • • , Z2\fr{z). 
Therefore, we can consider the deformation of Aq derived from 

E'D=Uz2-t)^-^,--- ,(z2-t)^Jr+liz),--- ,/n(^)). 
^ Z2 Z2 ' 

45 



In case Supp(^^) is still a single point for generic t, then y^-^^, ■ ■ ■ -^^j will generate 

C®*^ at also. In particular, Aq = (B^C and then the desired deformation can be written 
by hand. □ 

In the remainder of this section, we will complete the proof of the theorems stated at 
the beginning of this paper. We first investigate the sets S^'j and S^''^{D) introduced 
at the beginning of this section. We shall prove 

Theorem 3.3. For any choice of r, I and D and any choice of constants e and C , 
there is an integer N such that whenever d > N, then we have 

#mod'5g;j = r/(r, d, I), (3.17) 

#modSljiD) < rix{r, d, I) - C. (3.18) 

Proof of (3.17). Let Vlj = S^j D {locally free sheaves} and let Vlj{D) = V^j D 
Sl'j{D). Clearly, (3.17) is a stronger statement than 

#modV:;f = r?x(r,d,/), (3.19) 

which in turn is stronger (in case e > 0) than 

#modV;fi = Vx{r,d,I). (3.20) 

Our strategy is first to prove statement (3.20) and then prove (3.19) and (3.17). Wc 
proceed by induction on the rank r. (3.17) and (3.20) are trivial when r = 1. For r > 2 
and E G V^'^, the Kodaira-Spencer-Kuranishi deformation theory tells us that there is 
a holomorphic map 

f -.U C H\X,£nd°{E)) — > H^{X,£nd^{E)), 

where U is an (analytic) neighborhood of the origin, such that /~^(0) is the versal 
deformation space of E. Since h^{£nd^{E)) = (since E is /x-stable), 

#mod(V;'j, [E]) > h\Snd\E)) - h^{Snd^{E)), 

and when h^{£nd°{E)) = 0, #mod(V^'j, [E]) = h\£nd^{E)). Next, by Riemann-Roch, 
one calculates x(£^nd°(ii^)) = rix{r, d, I). Thus one gets 

#mod(v;'j,[£^]) >r/x(r,d,7). (3.21) 
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On the other hand, since h'^{£n(f{E)) = h^{£ndP{E) ® Kx), by theorem 3.1, there is 
an N such that whenever d> N, we have 

#mod{E G V^'j I h\Snd\E) ® Kx) > 0} < r?x(r,d,/) - 1. 

Therefore, for generic E G V^'^, #mod(V^'/) [E]) = rixir,d, I). Thus we have proved 
(3.20) provided d > N. To further attack (3.19) and (3.17), we need the following 
estimate which is interesting in its own right. 

Theorem 3.4. For any choice of r, I and two constants ei > 62, there is a constant 
C such that 

#mod (<S:;S \ Slf^,) < (2r - l)d + C. (3.22) 

Proof. Let E be any torsion free sheaf in S^'^j \ S^^'^j. Since E is not e2-stable, 
there is a torsion free subsheaf Fi (1 E such that E/Fi is torsion free and that /i(i^i) > 
li{E) -\- e2^/H^ / rk(Fi). Because E is ei-stable, /x(-Fi) is bounded from above by n{E) + 
siVH^/ rk(Fi). Combined, we get 

-I ■ H + —eiVlP < -li- H <-I ■ H + -e^/lP, (3.23) 
r ri ri r r^ 

where = rkFj, di = C2(Fj) and li = dei Fi with F2 = E/Fi. Note that E belongs to 
the exact sequence 

— ^ Fi — ^E — ^F2 — ^ 0. (3.24) 

We call {ri,di,Ii) admissible if they do come from (3.24) with E £ S^'^j \ S^'^j. We 
claim that Fi are es-stable with 63 = ei + |e2|. Indeed, let L C .Fi be any subsheaf. 
Because L is also a subsheaf of E, 

Thus, Fi is e3-stable. F2 is ea-stable for the same reason. Therefore, Fi G Sl^'i\ 
Finally, because of (3.24), 

#r.o4Kf,l\S:f,l) < sup {#^od(5-,t)+#„.od(5-,t) 

{ri,di,Ii) 

+ sup{dimExt^(F2,Fi) I G S^lf }}, 

(3.25) 

where the supremum is taken over all admissible tuples (r^, di,Ii). Note that we only 
have numerical restriction on 7j (cf. (3.23)) and di can be small, thus we can not expect 
estimate of type (3.17) to hold for all (Sj*'f\ Nevertheless, we have 
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Lemma 3.5. There is a constant Ci depending only on r, 63 > and degl', I' G 
Pic{X), such that for r' < r, we have 

#mod<;J <?7x(r',d',/') + Ci. 



Proof. It suffices to show that there is a constant Ci such that for any E G S^^'j,, 
dimExt\E,Ef < 2r'd' - (r' - 1)1'^ + Ci. 

First, since E is es-stable and 63 > 0, £nd^{E) is 2re3-stable. Hence by lemma 1.8, 
both hP{£nd^{E)) and h^{£nd^{E) Kx) are bounded from above by a constant, say 
Ci. By Serre duahty, ¥.^'^{E,Ef = H°{£nd°{E) (g) Kx). Therefore, 

dimExt^(^,^)° = 2r'd' - (r' - 1)1'^ - {r' - lfx{Ox) 
+ dimExt°(£^, + dimExt^(£^, 
< 2r'd' - (r' - + (2C7i - (r' - \fx{Px)). 
This completes the proof of the lemma. □ 



Returning to the proof of theorem 3.4, we need to estimate the term dim Ext^ (Fi , F2) 



in (3.25). First of all, by Riemann-Roch, for Fi e S^'jl, 

dimExt^(Fi,F2) = dimExt°(Fi, F2) + dimExt^(Fi, F2)- 

- (y /i + y ^1 - (y ^2 - y /i) ■Kx-Ii-l2 + nraxl^x) - nd2 - ra^i) . 

Because Fi and F2 are e3-stable, Fi 0F2 and F2 0Fi are 2re3-stablc. Also, the degree 
of F^ (8) F2 and F2 (8) Fi are bounded (from both sides) by constants depending on r, 
e and / • H. Thus, there is a constant C2 depending on these parameters only so that 

dim Ext° {Fi,F2), dim Ext^ (Fi , F2 ) < C2 . 

Therefore, for any admissible {ri,di,Ii), 

#mod<S:j;J + #modC,t + sup{dimExt^(Fi,F2) I Fi e <S:;;J } 

< 2ridi - (n - + 2r2d2 - {r2 - + 2Ci + (- '''^' ~ + 

+ ~ -Kx + h-h- nr2x{Ox) + rid2 + rsdi) + 2C2 

< (2r - l)(i + (1 - r2)di + (1 - ri)(i2 - (n + y - 1)/? - (ra + y - 1)/| 

+ /i • /2 + (y - y A) • Kx - mxiOx) + 2Ci + 2C2. 
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Thanks to lemma 2.5, there is a constant C3 < depending on r, e and I ■ H only 

r- — 1 

such that di ^— if > C3. Thus combined with d = C2{E) = Ii ■ I2 + di + d2 and 

I2 = I — Ii, the right hand side of the above inequality is 

<(2r - !)<,-(,+ - 1)11 - (r + - |)/| (3.26) 

- (2r - 2)/i . I2 + (jh -jIi)-Kx+ r^\x(Ox)\ + Ci + 2C2 - rC, 

- 1). . ((I . ^ . ^)/? . '-^1 ■..-\H-Kx).C,. 

Finally, because |/i ■ H\ <\I ■ H\ + e^/lP, the Hodge index theorem tells us that the 
sum of three middle terms in the last line of (3.26) is bounded from above by a constant 
C5. Therefore, combined with (3.25), we have 

#mod {S:j \ < (2r -l)d + C'. □ 

Proof of (3.18): We shall only consider the case where e > 0. The case e < can 
be proved similarly. First of all, by letting ei = e and 62 = in theorem 3.4, we know 
that there is a constant Ci such that 7^mod('5g'j \ 5^'/) < (2r — l)d + Ci. Then by 

choosing N large, we have #modV^'j = r]x{r,d,I) and (2r — l)d + Ci < rix{r,d,I) 
whenever d> N. Thus 

#modVg'^ < max {#niodV^' J, #mod (V^'^ \ V^'j) } = r]x{r, d, I). 

To prove (3.17), we will use the double dual operation J^. Let 

^ ■■ K'j U Kf (3-27) 

d'<d 

be the map sending E to E^^ . Thanks to lemma 3.2, we have 

#n.odS:i < SUp{#^odV:f + (r + l)(d - d')}. 
d'<d 

Further, let Ci > be a constant such that 

#modV;f <7?(r,d',/) + Ci. 
Then, for d > TV + Ci , #mod<5e'7 is no more than either 

sup {?7(r, d', /) + Ci + (r + l)(d - d')} < r]{r, N, I) + Ci < r]x{r, d, I) 

d'<N 
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or 

sup {r]x{r,d',I) + {r + l){d- d')} < r]xir,d,I). 

N<d'<d 

This establishes (3.17). (3.18) can be proved similarly based on theorem 3.1. We shall 
omit it. □ 

In light of the theorem 3.3, the proof of theorem 0.2 and 0.3 is now quite easy. Recall 
that for the data (r, d, /) and sufficiently large n, we can form the Grothendieck's Quot- 
scheme Quot^'*^ of all quotient sheaves O®'' E with vkE = r, AetE = /, C2{E) = d 
and p = hP{E{n)). If we let U C QuotJ^''^^ be the open subset of all semistable (with 
respect to H) quotient sheaves, then lA is SL{p, C) invariant and the good quotient 
U // SL{p,C), which does exist, is exactly the moduli scheme ^^J^{I,H) of rank r 
semistable sheaves of ci = / and C2 = d. Further, if we let W Q U he the subset 
of strictly stable sheaves, then -.W ^ ^ '^^xi^iH) is a principal SL{p,C)- 

bundle. With this set up in mind, one sees that in order to prove theorem 0.2, it suffices 
to classify the singular locus of U. 

Proposition 3.6. With the notation as before and for any constant C, there is a 
constant N such that whenever d > N, then dimZY = r]x{r,d,I) + (p^ — 1) and the 
codimension 

codim(Sing(iY),ZY) > C. 

Further, when the codimension is at least 1, then U locally is a complete intersection 
and when the codimension is at least 2, then U is normal. 

Proof. Let E G U he any quotient sheaf, let q2 = h^{Snd^{E) (g) Kx) and let qi = 
rixir,d,I) + (p^ — 1) + q2- Then the argument in [L2, p8] demonstrates that the 
completion of the local ring oiU at E is of the form k[[ti, • • • , tq^]]/J, where J is an 
ideal generated by at most q2 elements. In particular, for each component U C ZY, we 
always have 

dimU >r]xir,d,I) + {p^ -1). (3.28) 

Next, by [At][Mu][Ma,p594], the singular locus Sing(Z^) is exactly the set of all quotient 
sheaves E with Ext^(£', i?)" 7^ 0. By theorem 3.3, for any constant C, there is an A'^ 
such that whenever d> N, the set 

Uf]Slj{Kx) = {EeU\ h\£nd^{E) ® Kx) ^ 0} 

obeys #mod{U D Slj{Kx)) < Vx{r, d, I) - C. Therefore, 

dimSing(W) < #^od(uf]Sl'j{Kx)) + dim5L(p) < Vx{r,d,I) + {p^ -l)-C. 
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When C > 1, this inequahty and (3.28) imply that lA has purely dimension rjx{r, d, /) + 
(p^ — l) and codim(Sing(Z//),^)) > C. Because the completion of the local rings of Z^/ are 
of the form k[[ti, • • • , igj]/ J with J = (/i, • • • , fq^)- U is a local complete intersection. 
U will be normal if we further assume codim(Sing(W),W) > 2. □ 

Corollary 3.7. Let X be a smooth algebraic surface, H an ample divisor and I a 
line bundle on X . Let r > 2 be an integer. Then for any constant C , there is an N 
such that whenever d> N, then dJV^'^{L, H) has pure dimension r]x{r, d, /) and further, 
codim(Sing(9Jt^''),9Jl5^'^) > C. 

Proof Since tt : W ^ Tr{W) C OJlJ'^ is a principal bundle, the singular locus 
Smg{dJVjf) is contained in 

7r(Sing(W«))f|7r(W\W^). 

By theorem 3.6, we know that for d laxge, we can arrange codim(7r(Sing(W*)) , dJfjf) > 
C . Therefore, to prove the corollary, we only need to find an upper bound of the 
dimension oi it (U \ U^) . 

Let E e U\W. Then E admits a filtration = E^ CI Ei C ■ ■ ■ G Ek = E such 
that Fi = Ei/Ei-i are strictly stable. According to [Gi], E and gr{E) = ©Fj have the 
same image in fDT^^^ under tt. Thus dim7r(Z// \ U'') can be bounded easily in terms of 
the dimension of moduli of lower rank stable sheaves. Similar to the proof of lemma 
3.4, we can show that there is a constant Ci such that 

dimTr{U\W)<{2r-l)d + Ci. (3.29) 

(If we let SI' J be the set introduced in §2, Tr{U\W) C S'^liXS'^j and then (3.29) follows 
directly from lemma 3.4.) Thus for large N, we will have for d> N, dim7r(Z// \^*) < 
r]x{r, d, I) — C. This completes the proof of the corollary and the theorem 0.2. □ 

Corollary 3.8. With the notation as before, then there exists N such that whenever 

d>N, then 

(1) dJT^^ is normal. Further, if s & dJV^'^ is any closed point corresponds to a stable 
sheaf, then ^SVjf is a local complete intersection at s. 

(2) The set of locally free fi-stable sheaves {^^jfY^ C 9Jt^'^ is dense in SJl^c"^. 

Proof. Let N be given by proposition 3.6 so that whenever d > N, U has purely 
dimension r]x{r,d,I) + (p^ — 1) and codim(Sing(W),W) > 2. Then since U is normal, 
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SPT^'' must be normal and since W is a local complete intersection, Tr{U^) C VJVjf must 
be a local complete intersection. Here we have used the fact that U is a good 

quotient and W ^(^*) is a principal bundle. The last statement can be proved 
easily similar to that of theorem 3.1. We shall omit it here. □ 

The last subject we will study is the dependence of the moduli spaces on the choice 
of the polarizations. We prove 

Theorem 3.9. For any choice (r,I) and polarizations Hi and H2, there is a constant 
N so that whenever d > N, then Tf-^'^{I,Hi) and DyV^'^{I,H2) are birational to each 
other. 

Proof. Let W C TV^'^{I,Hi) be the set of quotient sheaves E such that E are not 
iJ2-stable. Then every E eW belongs to the exact sequence 

— > Fi — ^ E — — ^0 

such that n{Fi) > ijl{E) (with respect to H2). Then by repeating the argument in 
lemma 3.4, wc can find a constant Ci (depending on Hi and H2) such that dimW^ < 
(2r — l)d + Ci. Therefore, by letting N large, we will have 

dimajtj''(/. Hi) = dim9Jt^'^(/, H2) = r/x(r, d, /) 

and dim W < rjx {r, d,I) — 1 provided d > N. Therefore, by the universality of the 
moduli scheme, there is a morphism 

$ : m'-Zil, Hi)\W^ TV^/il, H2) 

which is generically one-one and onto. Thus 9Jl5c'^(/, ifi) is birational to TVjf{I,H2). 
□ 
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